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Abstra
t. The inverse sum indeg index ISI(G) of a simple graph G is

de�ned as the sum of the terms

dG(u)dG(v)

dG(u) + dG(v)
over all edges uv of G,

where dG(u) denotes the degree of a vertex u of G. In this paper, we present

several upper and lower bounds on the inverse sum indeg index of subdivision

graphs and t-subdivision graphs. In addition, we obtain the upper bounds

for inverse sum indeg index of S-sum, St-sum, S-produ
t, St-produ
t of

graphs.

1. Introdu
tion. All the graphs 
onsidered in this paper are simple

and 
onne
ted. For verti
es x, y ∈ V (G), the distan
e between x and y in G,

denoted by dG(x, y), is the length of a shortest (x, y)-path in G. The degree of a

vertex v ∈ V (G) is denoted by dG(v). For a vertex x in G, the e

entri
ity ǫ(x)
of x is max{dG(x, y)|y ∈ V (G)}. The minimum e

entri
ity among the verti
es
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of G is the radius of G, denoted by r(G), and the maximum e

entri
ity is its

diameter d(G). A vertex x in G is a 
entral vertex if ǫ(x) = r(G). A graph G

is self-
entered if ǫ(x) = r(G) for all verti
es x ∈ V (G). The subdivision graph

of G, denoted by S(G) is a graph obtained from G by repla
ing ea
h edge of G

by a path of length 2. The t-subdivision graph de�ned by St(G) of G is a graph

obtained from G by repla
ing ea
h edge of G by a path of length t+ 1.

Mole
ular des
riptors, that are results of fun
tions mapping mole
ule's


hemi
al information into a number [16℄, have found appli
ations in modeling

many physi
o
hemi
al properties in QSAR and QSPR studies [3, 9℄. A parti
u-

larly 
ommon type of mole
ular des
riptors are those that are de�ned as fun
tions

of the stru
ture of the underlying mole
ular graph, su
h as the Wiener index [19℄,

the Zagreb indi
es [6℄, the Randi�
 index [13℄ or the Balaban J-index [1℄. Damir

Vuki
evi�
 and Marija Gasperov [17℄ observed that many of these des
riptors are

de�ned simply as the sum of individual bond 
ontributions.

Among the 148 dis
rete Adriati
 indi
es studied in [17℄, whose predi
-

tive properties were evaluated against the ben
hmark datasets of the Internation

A
ademy of Mathemati
al Chemistry [10℄, 20 indi
es were sele
ted as signi�
ant

predi
tors of physi
o
hemi
al properties. In this 
onne
tion, Sedlar et al. [14℄

studied the properties of the inverse sum indeg index, the des
riptor that was

sele
ted in [17℄ as a signi�
ant predi
tor of total surfa
e area of o
tane isomers

and for whi
h the extremal graphs obtained with the help of Math. Chem. have a

parti
ularly simple and elegant stru
ture. The inverse sum indeg index is de�ned

as ISI(G) =
∑

uv∈E(G)

1
1

dG(u) +
1

dG(v)

=
∑

uv∈E(G)

dG(u)dG(v)

dG(u) + dG(v)
.

Extremal values of inverse sum indeg index a
ross several graph 
lasses,

in
luding 
onne
ted graphs, 
hemi
al graphs, trees and 
hemi
al trees were de-

termined in [14℄. The bounds of a des
riptor are important information of a

mole
ular graph in the sense that they establish the approximate range of the

des
riptor in terms of mole
ular stru
tural parameters. In [4℄, some sharp bounds

for the inverse sum indeg index of 
onne
ted graphs are given. The inverse sum

indeg index of some nanotubes is 
omputed in [5℄. Several upper and lower bounds

on the inverse sum indeg index in terms of some mole
ular stru
tural parameters

and relate this index to various well-known mole
ular des
riptors are presented

in [12℄. In this paper, we present several upper and lower bounds on the inverse

sum indeg index of subdivision graphs and t-subdivision graphs. In addition, we

obtain the upper bounds for inverse sum indeg index of S-sum, St-sum, S-produ
t,

St-produ
t of graphs.
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2. Bounds on ISI Index of Subdivision Graphs. In this se
tion,

we obtain the upper and lower bounds for the inverse sum indeg index of subdivi-

sion graph and t-subdivision graph of a 
onne
ted graphs. We denote by ∆ and δ

the maximum and minimum vertex degrees of G, respe
tively. The graph G is


alled a (∆, δ)-bidegreed if whose verti
es have degree either ∆ or δ with ∆ 6= δ.

The Zagreb indi
es are amoung the oldest topologi
al indi
es, and were

introdu
ed by Gutman and Trinajsti�
 [6℄ in 1972. These indi
es have sin
e

been used to study mole
ular 
omplexity, 
hirality, ZE-ismerism and hetero-

systems. The �rst and se
ond Zagreb indi
es of G are denoted by M1(G) and

M2(G), respe
tively, and de�ned as M1(G) =
∑

v∈V (G)

(dG(v))
2
and M2(G) =

∑

uv∈E(G)

dG(u)dG(v). The inverse degree index of G, denoted by ID(G) is de-

�ned as ID(G) =
∑

v∈V (G)

1

dG(v)
. For any even n, the 
o
ktail party graph CPn is

the unique regular graph with n verti
es of degree n − 2, it is obtained from Kn

by removing

n

2
disjoint edges.

Let G be a graph with m edges. By de�nition of the inverse sum indeg

index, we have

ISI(S(G)) =
∑

(x,y)∈E(G)

(
2dG(x)

dG(x) + 2
+

2dG(y)

2 + dG(y)

)

.(1)

and

ISI(St(G)) =
∑

(x,y)∈E(G)






2dG(x)

dG(x) + 2
+ 1 + 1 + . . . + 1

︸ ︷︷ ︸

(t−1) times

+
2dG(y)

2 + dG(y)






=
∑

(x,y)∈E(G)

(
2dG(x)

dG(x) + 2
+

2dG(y)

2 + dG(y)

)

+ (t− 1)m

= ISI(S(G)) + (t− 1)m.(2)

One 
an observe that ISI(G) < ISI(S(G)) and ISI(G) < ISI(St(G)).

Example 1. Let G be a r-regular graph with n verti
es. Then ISI(S(G)) =
nr2

r + 2

and ISI(St(G)) =
nr(t(r + 2) + r − 2)

2
.
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Theorem 1. Let G be a graph with n verti
es and m edges. Then

ISI(S(G)) = 4(m− n) +
∑

x∈V (G)

8

dG(x) + 2
.

P r o o f. For ea
h neighbor of x in G, the term
2dG(x)

dG(x) + 2
appears exa
tly

on
e in the sum

∑

(x,y)∈E(G)

( 2dG(x)

dG(x) + 2
+

2dG(y)

2 + dG(y)

)

. Hen
e

ISI(S(G)) =
∑

x∈V (G)

( 2dG(x)

dG(x) + 2
+

2dG(x)

dG(x) + 2
+ . . .+

2dG(x)

dG(x) + 2
︸ ︷︷ ︸

dG(x) times

)

=
∑

x∈V (G)

2(dG(x))
2

dG(x) + 2

=
∑

x∈V (G)

(

2dG(x)−
4dG(x)

dG(x) + 2

)

= 4m−
∑

x∈V (G)

( 4dG(x)

dG(x) + 2

)

= 4m−
∑

x∈V (G)

(

4−
8

dG(x) + 2

)

= 4(m− n) +
∑

x∈V (G)

( 8

dG(x) + 2

)

.

�

Corollary 1. Let G be a graph with n verti
es and m edges. Then ISI(St(G)) =

(t+ 3)m− 4n+
∑

x∈V (G)

8

dG(x) + 2
. �

Lemma 1. S
hweitzer's inequality[2, 8℄ Let x1, x2, . . . , xn be positive real

numbers su
h that for 1 ≤ i ≤ n holds m ≤ xi ≤ M . Then

( n∑

i=1

xi

)( n∑

i=1

1

xi

)

≤
n2(m+M)2

4mM
.

Equality holds if and only if x1 = x2 = . . . = xn = m = M or n is even,

x1 = x2 = . . . = xn

2

= m and xn

2
+1 == xn

2
+2 = . . . = xn = M , where m < M

and x1 ≤ x2 ≤ . . . ≤ xn.
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Using above lemma to obtain the following sharp upper bound for the

inverse sum indeg index of subdivision graphs.

Theorem 2. Let G be a graph with n verti
es and m edges. Then ISI(S(G)) ≤

4(m − n) +
n2(δ +∆+ 4)2

(n+m)(δ + 2)(∆ + 2)
with equality if and only if G is regular or a

(∆, δ)-bidegreed graph.

P r o o f. For any vertex x in V (G), we get δ + 2 ≤ dG(x) + 2 ≤ ∆+ 2.

Also,

∑

x∈V (G)

(dG(x) + 2) = 2(m+ n). By S
hweitzer's inequality, we obtain

∑

x∈V (G)

8

dG(x) + 2
≤

n2(δ +∆+ 4)2

(n+m)(δ + 2)(∆ + 2)
.

By Theorem 1, we obtain the required inequality.

By Lemma 1, equality holds if and only if δ = ∆ or

n

2
verti
es of G have

degree δ and the remaining

n

2
verti
es of G have degree ∆, that is, G is regular

or a (∆, δ)-bidegreed. �

Corollary 2. Let G be a graph with n verti
es and m edges. Then ISI(St(G)) ≤

(t + 3)m − 4n +
n2(δ +∆+ 4)2

(n+m)(δ + 2)(∆ + 2)
with equality if and only if G is regular

or a (∆, δ)-bidegreed graph.

Lemma 2. Let a and b be real numbers. Then

1

a+ b
≤

1

4

(1

a
+

1

b

)

with equality if and only if a = b.

Theorem 3. Let G be a graph with n verti
es and m edges. Then ISI(S(G)) ≤
4m− 3n + 2ID(G) with equality if and only if G is the disjoint union of 
y
les.

P r o o f. For ea
h vertex x ∈ V (G), by Lemma 2, we have

1

dG(x) + 2
≤

1

4

( 1

dG(x)
+

1

2

)

with equality if and only if dG(x) = 2. Hen
e

∑

x∈V (G)

8

dG(x) + 2
≤ 2

∑

x∈V (G)

1

dG(x)
+ n = 2ID(G) + n,
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where ID(G) is the inverse degree index of G.

By Theorem 1, we obtain the required inequality.

Equality holds if and only if ea
h vertex x ∈ V (G), dG(x) = 2, that is, G
is the disjoint union of 
y
les. �

Corollary 3. Let G be a graph with n verti
es and m edges. Then ISI(St(G)) ≤
(t + 3)m − 3n + 2ID(G) with equality if and only if G is the disjoint union of


y
les.

Theorem 4. Let G be a graph with n verti
es and m edges. If p is the number of

pendant verti
es of G, then ISI(S(G)) ≥ 4(m−n)+ 8
(p

3
+

n− p

∆+ 2

)

with equality

if and only if G is regular or a (∆, 1)-bidegreed graph.

P r o o f. One 
an see that

∑

x∈V (G)

8

dG(x) + 2
= 8

( 1

3
+

1

3
+ . . .+

1

3
︸ ︷︷ ︸

p times

+
∑

x∈V (G), dG(x)>1

1

dG(x) + 2

)

= 8
(p

3
+

∑

x∈V (G), dG(x)>1

1

dG(x) + 2

)

≥ 8
(p

3
+

1

∆ + 2
+

1

∆+ 2
+ . . .+

1

∆+ 2
︸ ︷︷ ︸

n−p times

)

=
8p

3
+

8(n − p)

∆ + 2
.

By Theorem 1, we obtain the required inequality.

Equality holds if and only if for every non-pendant vertex x ∈ V (G),
dG(x) = ∆. If p = 0, then for every vertex x ∈ V (G), dG(x) = ∆, that is, G is

regular, where 2 ≤ ∆ ≤ n − 1. Assume p > 0. If there is no non-pendant vertex

in G, then G ∼= K2 and otherwise, G is (∆, 1)-bidegreed. �

Corollary 4. Let G be a graph with n verti
es and m edges. If p is the number

of pendant verti
es of G, then ISI(St(G)) ≥ (t+3)m− 4n+8
(p

3
+

n− p

∆+ 2

)

with

equality if and only if G is regular or a (∆, 1)-bidegreed graph.

Corollary 5. Let G be a graph with n verti
es and m edges. If G has no pendant

verti
es, then ISI(S(G)) ≥ 4(m − n) +
8n

∆+ 2
and ISI(St(G)) ≥ (t + 3)m −

4n+
8n

∆+ 2
. The equality holds for both 
ases if and only if G is ∆-regular, where

2 ≤ ∆ ≤ n− 1.
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Let di(x) be the number of verti
es at distan
e i from the vertex x in G,

that is, di(x) = |{y | dG(x, y) = i}| .

Theorem 5. Let G be a graph with n verti
es and m edges. Then

ISI(S(G)) ≥ 4
(

m−
n(n− r(G))

n− r(G) + 2

)

(3)

with equality if and only if G ∼= Kn or G ∼= CPn.

P r o o f. Sin
e di(x) is the number of verti
es at distan
e i from the

vertex x in G. One 
an observe that dG(x) ≤ n− ǫ(x) with equality if and only if

ǫ(x) = 1 and dG(x) = n − 1 or ǫ(x) ≥ 2 and d2(x) = d3(x) = . . . = dǫ(x)(x) = 1.
Thus for every vertex x ∈ V (G), we obtain

8

dG(x) + 2
≥

8

n− ǫ(x) + 2
≥

8

n− r(G) + 2
.

By Theorem 1, we obtain the required result.

Suppose that equality holds in (3). Then G is self-
entered and for every

vertex x ∈ V (G), equality holds in dG(x) ≤ n− ǫ(x). If ǫ(x) = 1 for some vertex

x ∈ V (G), then dG(x) = n − 1 and ǫ(y) ≤ 2 for all verti
es x 6= y. Sin
e G is

self-
entered, ǫ(x) = 1 for all verti
es x ∈ V (G). Thus G ∼= Kn.

Now, suppose that ǫ(x) ≥ 2 for all verti
es x ∈ V (G). If ǫ(x) ≥ 3 for some

vertex y, then d(G) = 3 (otherwise, there exist at least two neighbors at distan
e 2
for the 
entral vertex) and G ∼= P4, a path on 4 verti
es. This 
ontradi
ts that G

is self-
entered. So, ǫ(x) = 2 for all verti
es x ∈ V (G) and then dG(x) = n − 2
for all verti
es x ∈ V (G). It gives G ∼= CPn. �

Theorem 6. Let G be a graph with m edges. Then ISI(S(G)) ≤
M1(G)

4
+ m

with equality if and only if G is the disjoint union of 
y
les.

P r o o f. For any vertex x ∈ V (G), we obtain

2dG(x)

dG(x) + 2
≤

2 + dG(x)

4

with equality if and only if dG(x) = 2. Thus by equation (1), we have

ISI(S(G)) ≤
∑

(x,y)∈E(G)

(
2 + dG(x)

4
+

2 + dG(y)

4

)

=
1

4
(M1(G) + 4m).

Equality holds if and only if for every vertex x ∈ V (G), dG(x) = 2. This
implies G is a disjoint union of 
y
les. �
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Corollary 6. Let G be a graph with m edges. Then ISI(St(G)) ≤
M1(G)

4
+ tm

with equality if and only if G is the disjoint union of 
y
les.

Lemma 3. (Cau
hy-S
hwarz inequality)

Let X = (x1, x2 . . . xn) and Y = (y1, y2, . . . , yn) be two sequen
es of real

numbers. Then

( n∑

i=1

xiyi

)2
≤

n∑

i=1

x2i

n∑

i=1

y2i with equality if and only if the se-

quen
es X and Y are proportional, i. e., there exists a 
onstant c su
h that

xi = cyi, for ea
h 1 ≤ i ≤ n.

As a spe
ial 
ase of the Cau
hy-S
hwarz inequality, when y1 = y2 = . . . =
yn, we get the following result.

Corollary 7. Let x1, x2, . . . , xn be real numbers. Then

( n∑

i=1

xi

)2
≤ n

n∑

i=1

x2i with

equality if and only if x1 = x2 = . . . = xn.

Theorem 7. Let G be a graph with n verti
es and m edges. Then ISI(S(G)) ≥
4(m2 − n2) + 4n2

m+ n
with equality if and only if G is regular.

P r o o f. By Cau
hy-S
hwarz inequality, we get




∑

x∈V (G)

(
dG(x) + 2

)








∑

x∈V (G)

1

dG(x) + 2



 ≥




∑

x∈V (G)

√

dG(x) + 2
1

√

dG(x) + 2





2

with equality if and only if all the dG(x)'s are equal.

Moreover,

∑

x∈V (G)

(
dG(x) + 2

)
= 2(m+ n). Thus

∑

x∈V (G)

1

dG(x) + 2
≥

n2

2(m+ n)
.

By Theorem 1, we obtain the required inequality.

Equality holds if and only if all the dG(x)'s are equal. This implies G is

regular. �

Corollary 8. Let G be a graph with n verti
es and m edges. Then ISI(St(G)) ≥
4(m2 − n2) + 4n2

m+ n
+ (t+ 1)m with equality if and only if G is regular.
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Let G be a graph with n verti
es and m edges. If m = n− 1, n and n+1
then G is 
alled a tree, uni
y
li
 and bi
y
li
 graphs, respe
tively.

Corollary 9. Let G be a tree on n verti
es. Then ISI(S(G)) ≥
4(n − 1)2

2n− 1
and

ISI(St(G)) ≥
4(n− 1)2

2n− 1
+ (n − 1)(t + 1).

Corollary 10. Let G be a uni
y
li
 graph on n verti
es. Then ISI(S(G)) ≥ 2n
and ISI(St(G)) ≥ n(t+ 3).

Corollary 11. Let G be a bi
y
li
 graph on n verti
es. Then ISI(S(G)) ≥
4(n + 1)2

2n+ 1
and ISI(St(G)) ≥

4(n+ 1)2

2n+ 1
+ (n+ 1)(t+ 1).

Lemma 4. [11℄ Let f be a 
onvex fun
tion on the interval I and x1, x2, . . . , xn ∈ I.

Then

x1 + x2 + . . .+ xn

n
≤

f(x1) + f(x2) + . . . , f(xn)

n
with equality if and only

if x1 = x2 = . . . = xn.

Theorem 8. Let G be a graph on m edges. Then ISI(S(G)) >
4δ m− δM1(G)

2
.

P r o o f. For any vertex x in G, dG(x) ≥ δ. By the de�nition of inverse

sum indeg index of the subdivision graph of G, we have

ISI(S(G)) =
∑

xy∈E(G)

(
2dG(x)

dG(x) + 2
+

2dG(y)

2 + dG(y)

)

≥
∑

xy∈E(G)

(
2δ

dG(x) + 2
+

2δ

2 + dG(y)

)

.

Let f(x) =
1

x
. Sin
e f is a 
onvex fun
tion on (0,+∞), by Jensen's inequality,

for any edge xy ∈ V (G), we obtain

2

dG(x) + 2
+

2

2 + dG(y)
≥

8

4 + dG(x) + dG(y)

with equality if and only if dG(x) = dG(y). Hen
e

ISI(S(G)) ≥
∑

xy∈E(G)

(
8δ

4 + dG(x) + dG(y)

)



290 Kannan Pattabiraman

= 2δ
∑

xy∈E(G)

(

1 +
dG(x) + dG(y)

4

)
−1

By Bernoulli's inequality, we have

ISI(S(G)) > 2δ
∑

xy∈E(G)

(

1−
dG(x) + dG(y)

4

)

= 2δ m−
δ

2

∑

xy∈E(G)

(dG(x) + dG(y))

By the de�nition of the �rat Zagreb index of G, we get

ISI(S(G)) >
4δ m− δM1(G)

2
.

�

Corollary 12. Let G be a graph with m edges. Then

ISI(St(G)) > (2δ + t− 1)m−
δM1(G)

2
.

3. ISI Index of S and St-produ
ts of Graphs. The S-produ
t

of G1 and G2, denoted by G1[G2]S , is de�ned by S(G1)[G2] − E∗
, where E∗ =

{(x, y1)(x, y2) ∈ E(S(G1)[G2])|x ∈ V (S(G1)) − V (G1), y1y2 ∈ E(G2)}, that is,
G1[G2]S is a graph with the set of verti
es either [x1 = x2 ∈ V (G1) and y1y2 ∈
E(G2)] or [x1x2 ∈ E(G1) and y1, y2 ∈ V (G2)]. The St-produ
t of G1 and G2,

denoted by G1[G2]St
, is de�ned by St(G1)[G2]−E∗

, where E∗ = {(x, y1)(x, y2) ∈
E(St(G1)[G2]) | x ∈ V (St(G1)) − V (G1), y1y2 ∈ E(G2)}, that is, G1[G2]St

is

a graph with the set of verti
es either [x1 = x2 ∈ V (G1) and y1y2 ∈ E(G2)] or
[x1x2 ∈ E(G1) and y1, y2 ∈ V (G2)]. One 
an observe that G1[G2]St

has |V (G2)|

opies of the graph St(G1) and we 
an label these 
opies by verti
es of G2. The

verti
es in ea
h 
opy we denote two types of verti
es, su
h as the verti
es in V (G1)
(bla
k verti
es) and the verti
es in V (St(G1)) − V (G1) (white verti
es). The S

and St-produ
ts of P3 and P2 are shown in Figure 1.

Theorem 9. Let Gi be a graph with ni verti
es and mi edges, i = 1, 2. Then

ISI(G1[G2]S) ≤
n1ISI(G2)

4
+
M1(G1)

2

(n2
2H(G2)

4
+
n3
2

8
+n3

2ID(G2)
)

+
n1M1(G2)

8
+

M2(G2)ID(G2)

8n2
+

n2(4m1m2 + n1m2 +m1n
2
2)

4
.



Bounds on Inverse Sum Indeg Index of Subdivision Graphs 291

b

b

b

b

b

b

b

b

b

b

b

b

bc bc bc bc bc bc

bcbcbcbcbcbc

bc bc

bc bc

P3[P2]St

P3[P2]S

Fig. 1. The S and St-produ
ts of P3 and P2

P r o o f. Let {x1, x2, . . . , xn1
} and {y1, y2, . . . , yn2

} be the vertex sets of

G1 and G2, respe
tively. From the de�nition of inverse sum indeg index and the

stru
ture of the graph G1[G2]S , we have

ISI(G1[G2]S) =
∑

(x1,y1)(x2,y2)∈E(G1[G2]s)

dG1[G2]S((x1, y1))dG1[G2]S((x2, y2))

dG1[G2]S((x1, y1)) + dG1[G2]S((x2, y2))

=
∑

x1=x2∈V (G1)

∑

y1y2∈E(G2)

dG1[G2]S((x1, y1))dG1[G2]S ((x2, y2))

dG1[G2]S ((x1, y1)) + dG1[G2]S((x2, y2))

+
∑

x1x2∈E(S(G1))

∑

y1∈V (G2)

∑

y2∈V (G2)

dG1[G2]S((x1, y1))dG1[G2]S ((x2, y2))

dG1[G2]S ((x1, y1)) + dG1[G2]S((x2, y2))

= A1 +A2,(4)

where A1 and A2 are the sums of the terms, in order.

We shall 
al
ulate A1 and A2 of (4) separately.
First we 
al
ulate the sum

A1 =
∑

x1=x2∈V (G1)

∑

y1y2∈E(G2)

dG1[G2]S((x1, y1))dG1[G2]S ((x2, y2))

dG1[G2]S ((x1, y1)) + dG1[G2]S((x2, y2))
.

For ea
h vertex (xi, yj) in G1[G2]S , the degree of (xi, yj) is n2dG1
(xi) + dG2

(yj).
Thus

A1 =
∑

x1∈V (G1)

∑

y1y2∈E(G2)

(n2dG1
(x1) + dG2

(y1))(n2dG1
(x1) + dG2

(y2))

2n2dG1
(x1) + (dG2

(y1) + dG2
(y2))

.

By Jensen's inequality, we have

1

2n2dG1
(x1) + (dG2

(y1) + dG2
(y2))

≤
( 1

8n2dG1
(x1)

+
1

4dG2
(y1) + dG2

(y2)

)
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with equality if and only if 2n2dG1
(x1) = dG2

(y1) + dG2
(y2). Thus

A1 ≤
1

4

∑

x1∈V (G1)

∑

y1y2∈E(G2)

(
n2dG1

(x1)

2
+

dG2
(y1) + dG2

(y2)

2
+

dG2
(y1) + dG2

(y2)

2n2dG1
(x1)

)

+
1

4

∑

x1∈V (G1)

∑

y1y2∈E(G2)

(
n2
2dG1

(x1)
2

dG2
(y1) + dG2

(y2)
+ n2dG1

(x1) +
dG2

(y1)dG2
(y2)

dG2
(y1) + dG2

(y2)

)

=
1

4

(

3n2m1m2 +
n1M1(G2)

2
+

M2(G2)ID(G1)

2n2
+

n2
2M1(G1)H(G2)

2
+ n1ISI(G2)

)

.

Next we �nd the value of the sum A2.

A2 =
∑

x1x2∈E(S(G1))

∑

y1∈V (G2)

∑

y2∈V (G2)

dG1[G2]s((x1, y1))dG1[G2]s((x2, y2))

dG1[G2]s((x1, y1)) + dG1[G2]s((x2, y2))

=
∑

y1∈V (G2)

∑

y2∈V (G2)

∑

x1∈V (G1), e∈E(G1)
x1 and e are in
ident in G1

d((x1, y1))d((e, y2))

d((x1, y1)) + d((e, y2))

=
∑

y1∈V (G2)

∑

y2∈V (G2)

∑

x1∈V (G1), e∈E(G1)
x1 and e are in
ident in G1

(n2dG1
(x1) + dG2

(y1))2n2

n2dG1
(x1) + dG2

(y1) + 2n2

=
∑

y1∈V (G2)

∑

y2∈V (G2)

∑

x∈V (G1)

dG1
(x1)

(

2n2
2dG1

(x1) + 2n2dG2
(y1)

)

n2(dG1
(x1) + 2) + dG2

(y1)

One 
an see that

1

n2(dG1
(x1) + 2) + dG2

(y1)
≤

1

16n2dG1
(x1)

+
1

32n2
+

1

4dG2
(y1)

.

Thus

A2 ≤
∑

y1∈V (G2)

∑

y2∈V (G2)

∑

x∈V (G1)






n2dG1
(x1)

8
+

n2dG1
(x1)

2

16
+

dG1
(x1)

2

2dG2
(y1)

+
dG2

(y1)

8
+

dG1
(x1)dG2

(y1)

16






=
n3
2m1

4
+

n3
2M1(G1)

16
+

n3
2M1(G1)ID(G2)

2
+

n1n2m2

4
+

n2m1m2

4
.

From A1 and A2, we get the desired result. �
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Theorem 10. Let Gi be a graph with ni verti
es and mi edges, i = 1, 2. Then

ISI(G1[G2]St
) ≤

n1ISI(G2)

4
+
M1(G1)

2

(n2
2H(G2)

4
+
n3
2

8
+n3

2ID(G2)
)

+
n1M1(G2)

8

+
M2(G2)ID(G2)

8n2
+

n2(4m1m2 + n1m2 +m1n
2
2)

4
+ n2

2(t− 1)m1.

P r o o f. Let {x1, x2, . . . , xn1
} and {y1, y2, . . . , yn2

} be the vertex sets of

G1 and G2, respe
tively. From the de�nition of ISI index and the stru
ture of the

graph G1[G2]St
, we have

ISI(G1[G2]St
) =

∑

(x1,y1)(x2,y2)∈E(G1[G2]St
)

dG1[G2]St
((x1, y1))dG1[G2]St

((x2, y2))

dG1[G2]St
((x1, y1)) + dG1[G2]St

((x2, y2))

=
∑

x1=x2∈V (G1)

∑

y1y2∈E(G2)

dG1[G2]St
((x1, y1))dG1[G2]St

((x2, y2))

dG1[G2]St
((x1, y1)) + dG1[G2]St

((x2, y2))

+
∑

x1x2∈E(S(G1))

∑

y1∈V (G2)

∑

y2∈V (G2)

dG1[G2]St
((x1, y1))dG1[G2]St

((x2, y2))

dG1[G2]St
((x1, y1)) + dG1[G2]St

((x2, y2))

= A1 +A2,(5)

where A1 and A2 are the sums of the terms, in order.

Similarly to the proof of Theorem 9, we get

A1 ≤
1

4






3n2m1m2 +
n1M1(G2)

2
+

M2(G2)ID(G1)

2n2

+
n2
2M1(G1)H(G2)

2
+ n1ISI(G2)






A2 =
∑

x1x2∈E(St(G1)),
x1∈V (G1),

x2∈V (St(G1))−V (G1)

∑

y1∈V (G2)

∑

y2∈V (G2)

dG1[G2]s((x1, y1))dG1[G2]s((x2, y2))

dG1[G2]s((x1, y1)) + dG1[G2]s((x2, y2))

+
∑

x1x2∈E(St(G1)),
x1, x2∈V (St(G1))−V (G1)

∑

y1∈V (G2)

∑

y2∈V (G2)

dG1[G2]s((x1, y1))dG1[G2]s((x2, y2))

dG1[G2]s((x1, y1)) + dG1[G2]s((x2, y2))

= A′

2 +A′′

2,

where A′

2 and A′′

2 are the sums of the terms, in order.

By a similar argument of Theorem 9, we get

A′

2 ≤
n3
2m1

4
+

n3
2M1(G1)

16
+

n3
2M1(G1)ID(G2)

2
+

n1n2m2

4
+

n2m1m2

4
.
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In addition,

A′′

2 =
∑

x1x2∈E(St(G1)),
x1, x2∈V (St(G1))−V (G1)

∑

y1∈V (G2)

∑

y2∈V (G2)

(1)

=
∑

y1∈V (G2)

∑

y2∈V (G2)

(m1(t− 1))

= m1n
2
2(t− 1).

From A1 and A2, we obtain the desired result. �

4. ISI Index of S and St-sums of Graphs. Let G1 and G2 be two

graphs. The S-sum G1+SG2 is a graph with vertex set (V (G1)
⋃

E(G1))×V (G2)

in whi
h two verti
es (u1, v2) and (u2, v2) of G1 +S G2 are adja
ent if and only

if [u1 = u2 ∈ V (G1) ∧ v1v2 ∈ E(G2)] or [v1 = v2 ∈ V (G1) ∧ u1u2 ∈ E(S(G))].

The St-sum G1 +St
G2 is a graph with vertex set (V (G1)

⋃

E(G1)) × V (G2)

in whi
h two verti
es (u1, v2) and (u2, v2) of G1 +St
G2 are adja
ent if and only if

[u1 = u2 ∈ V (G1) ∧ v1v2 ∈ E(G2)] or [v1 = v2 ∈ V (G1) ∧ u1u2 ∈ E(St(G))]. The
S and St sums of the graphs P3 and P2 are shown in Figure 2.

b

b

b

b

b

b

b

b

b

b

b

b

bc bc bc bc bc bc
bcbcbcbcbcbc

bc bc

bc bc

P3 +St
P2P3 +S P2

Fig. 2. The S and St-sums of P3 and P2

Theorem 11. Let Gi be a graph with ni verti
es and mi edges, i = 1, 2. Then

ISI(G1+SG2) ≤
n1ISI(G2)

4
+
M1(G1)(H(G2) + 8ID(G2) + 8n2)

8
+
n1M1(G2)

8
+

m1M2(G2) +
19m1m2 + 4n1m2 + 8m1n2

4
.

P r o o f. Let {x1, x2, . . . , xn1
} and {y1, y2, . . . , yn2

} be the vertex sets of

G1 and G2, respe
tively. From the de�nition of ISI index and the stru
ture of the
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graph G1 +S G2, we have

ISI(G1 +S G2) =
∑

(x1,y1)(x2,y2)∈E(G1+SG2)

dG1+SG2
((x1, y1))dG1+SG2

((x2, y2))

dG1+SG2
((x1, y1)) + dG1+SG2

((x2, y2))

=
∑

x1=x2∈V (G1)

∑

y1y2∈E(G2)

dG1+SG2
((x1, y1))dG1+SG2

((x2, y2))

dG1+SG2
((x1, y1)) + dG1+SG2

((x2, y2))

+
∑

x1x2∈E(S(G1))

∑

y1∈V (G2)

dG1+SG2
((x1, y1))dG1+SG2

((x2, y2))

dG1+SG2
((x1, y1)) + dG1+SG2

((x2, y2))

= A1 +A2,(6)

where A1 and A2 are the sums of the terms, in order.

We shall 
al
ulate A1 and A2 of (6) separately.
First we 
al
ulate the sum A1. For ea
h vertex (xi, yj) in G1 +S G2, the

degree of (xi, yj) is dG1
(xi) + dG2

(yj). Thus

A1 =
∑

x1∈V (G1)

∑

y1y2∈E(G2)

(dG1
(x1) + dG2

(y1))(dG1
(x1) + dG2

(y2))

2dG1
(x1) + (dG2

(y1) + dG2
(y2))

≤
1

4

∑

x1∈V (G1)

∑

y1y2∈E(G2)

(

(dG1
(x1) + dG2

(y1))(dG1
(x1) + dG2

(y2))
)

(
1

2dG1
(x1)

+
1

(dG2
(y1) + dG2

(y2))

)

=
3m1m2

4
+

n1M1(G2)

8
+m1M2(G2) +

M1(G1)H(G2)

8
+

n1ISI(G2)

4
.

Next we �nd the value of the sum A2.

A2 =
∑

x1x2∈E(S(G1))

∑

y1∈V (G2)

dG1+SG2
((x1, y1))dG1+SG2

((x2, y2))

dG1+SG2
((x1, y1)) + dG1+SG2

((x2, y2))

=
∑

y1∈V (G2)

∑

x1∈V (G1), e∈E(G1)
x1 and e are in
ident in G1

(dG1
(x1) + dG2

(y1))dS(G1)(x2)

dS(G1)(x1) + dS(G1)(x2) + dG2
(y1)

=
∑

y1∈V (G2)

∑

x1∈V (G1), e∈E(G1)
x1 and e are in
ident in G1

2(dG1
(x1) + dG2

(y1))

2 + dG1
(x1) + dG2

(y1)

=
∑

y1∈V (G2)

∑

x1∈V (G1)

2dG1
(x1)(dG1

(x1) + dG2
(y1))

2 + dG1
(x1) + dG2

(y1)
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≤
∑

y1∈V (G2)

∑

x1∈V (G1)

2dG1
(x1)(dG1

(x1) + dG2
(y1))

(
1

dG1
(x1) + 1

+
1

dG2
(y1) + 1

)

≤
1

4

∑

y1∈V (G2)

∑

x1∈V (G1)

2dG1
(x1)(dG1

(x1) + dG2
(y1))

(
1

dG1
(x1)

+ 1

)

+
1

4

∑

y1∈V (G2)

∑

x1∈V (G1)

2dG1
(x1)(dG1

(x1) + dG2
(y1))

(
1

dG2
(y1)

+ 1

)

= M1(G1)(n2 + ID(G2)) + 2m1n2 +m2n1 + 4m1m2.

From A1 and A2 we get the desired result. �

A similar proof of Theorem 11, we obtain the following theorem.

Theorem 12. Let Gi be a graph with ni verti
es and mi edges, i = 1, 2. Then

ISI(G1+St
G2) ≤

n1ISI(G2)

4
+
M1(G1)(H(G2) + 8ID(G2) + 8n2)

8
+
n1M1(G2)

8
+

m1M2(G2) +
19m1m2 + 4n1m2 + 8m1n2

4
+ n2(t− 1)m1.

5. Con
lusion. In this arti
le, several number of upper and lower

bounds for inverse sum indeg index of subdivision of some 
lass of graphs are

investigated.
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