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ABSTRACT. We study a nonlinear functional differential model of an anaer-
obic digestion process of wastewater treatment with biogas production. The
model equations of biomass include two different discrete time delays. A
mathematical analysis of the model is completed including existence and
local stability of nontrivial equilibrium points, existence and boundedness
of the model solutions as well as global stabilizability towards an admissible
equilibrium point. We propose and apply a numerical extremum seeking
algorithm for maximizing the biogas flow rate in real time. Numerical sim-
ulation results are also included.

1. Introduction. We consider a well-known anaerobic digestion model
for biological treatment of wastewater in a continuously stirred tank bioreactor
described by four nonlinear ordinary differential equations (cf. for example [2, 3]).
We modify the model by introducing discrete time delays in the equations to rep-
resent the delay in the conversion of the consumed substrate to viable biomass,
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i. e., by including delays in the phase variables of substrate and organisms con-
centrations.

Chemostat models involving time delays have been recently studied by
many authors as an attempt to explain observed delay in the growth response of
microorganisms due to environmental changes, see for example [17], [18] and the
references therein.

The studied model is described by the following system of non-linear or-
dinary differential equations

Lsit) = uls] — s1(6)) — Fapi (51 (1) (1)

0 %xl(t) _ e—%m(sl(t )it — 1) — (1)
g52(8) = ulsy = s2(t)) + kopua (51(8))21.(t) — kpz(s2(t))22(¢)
Gaalt) = e ps(salt — m)aa(t — 72) — ouas(t)

with gaseous output

(2) Q = ky pa(s2) 2.

The phase variables s, ss and x1, x5 denote substrate and biomass con-
centrations, respectively: si is the organic substrate, characterized by its chemical
oxygen demand (COD), sy denotes the volatile fatty acids (VFA), z1 and zy are
the acidogenic and methanogenic bacteria respectively; si and sé are the input
substrate concentrations corresponding to s; and s3. The parameter o € (0,1)
represents the proportion of bacteria that are affected by the dilution rate u. The
constants k1, ko and k3 are yield coefficients related to COD degradation, VFA
production and VFA consumption respectively. The constants 7; > 0, j = 1,2,
stand for the time delay in conversion of the corresponding substrate to viable
biomass of the j-th bacterial population. The terms e”*“"z;(t — 1), j = 1,2,
represent the biomass of those microorganisms that consume nutrient 7; units
of time prior to time ¢ and that survive in the chemostat the 7; units of time
necessary to complete the process of converting the substrate to viable biomass
at time ¢. The output @ describes the methane (biogas) flow rate, where k4 as a
yield coefficient.

The functions p1(s1) and p2(s2) model the specific growth rates of the
bacteria x1 and xo respectively. Following [13] we impose the following general
assumption on p1 and pa:
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Assumption Al: For each j = 1,2 the function p;(s;) is defined for
sj € [0,400), 1;(0) = 0, and p;(s;) > 0 for each s; > 0; the function f;(s;) is
bounded and Lipschitz continuous for all s; € [0, +00).

The model (1) with 71 = 72 = 0 is one of the “bench-mark” models de-
scribing anaerobic digestion and extensively investigated in the literature in recent
years, see for example [1], [2], [3], [10], [13] and the references therein. The equa-
tions (1) with 71 = 75 = 0 have been already investigated by the authors: global
stabilizability analysis via different feedback control laws is presented in [6], 7],
whereas [8] considers the case of global stabilization of the solutions using a con-
stant dilution rate u. The latter approach is now extended to model (1) involving
the discrete delays 7; > 0, j = 1,2. The paper [4] is devoted to the same problem
and contains similar results as well as a sketch of the proof for global stabiliz-
ability of the model. Here we present a detailed and more precise proof of the
global asymptotic stability of the solutions. The new moment in this paper is the
development of an extremum seeking algorithm and its application to optimizing
the output of the biogas (methane) production.

The paper is organized as follows. Section 2 is devoted to studying the
local asymptotic stability of admissible equilibrium points with respect to the
time delays 71 and 7». In Section 3 we prove existence and boundedness of the
model solutions. The global stability of the dynamics (1) is proved in Section 4.
The model-based extremum seeking algorithm is described shortly in Section 5
and further applied in Section 6 to maximize the methane flow rate in real time.
Numerical experiments are finally reported to confirm the theoretical results.

2. Equilibrium points and their local stability. Define
up = max {u: wae®™ < p1(sh), uoe™™ < ,ug(sé)}

and assume that u € (0, up).
Let the following assumption be satisfied:

Assumption A2. For each point 4 € (0,up) there exist points s1(u1) =
51 € (0,57) and sa(u) = 52 € (0, s4), such that the following equalities hold true

—QuT] —QuT2

1
u=—e pi(s1) = —e piz (S2) -

« «

In accordance with [10] we shall call the above equality regulability of the system.
It means that there exists at least one nontrivial (positive) equilibrium of (1).
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Let 5 and S2 be determined according to Assumption A2. Compute
further

si—5 sh — 59 + akoT €YU
(3) 331(11):@1—%.@;, 22(i1) = T = 2 2 + akaZ1

akie

QuTo

akse
Then the point
p(ﬂ) = ﬁ = (gl) jl) §27 j?)

is a nontrivial equilibrium point for system (1).

In what follows we shall also need the following assumption:

Assumption A3. There exist positive numbers v and 15 such that the
following inequalities hold true

p(sy) < ma(51) < pals?), pa(sy) < pa(52) < pa(sy)

for each s| € (0,31), s{ € (51, 88 + 1], sy €(0,52) and s5 € (52, s + 1),

Assumption A3 is always fulfilled when the functions p;(-), j = 1,2, are
monotone increasing (like the Monod specific growth rate, see Section 6). If at
least one of the functions p;(-) is not monotone increasing (like the Haldane law,
see Section 6) then the points 5; (or equivalently @) should be chosen sufficiently
small in order to satisfy Assumption A3.

Proposition 1. The equilibrium point p is locally asymptotically stable for all
values of the delays 71 > 0 and 75 > 0.

Proof. Denote for simplicity
a=kipy(51)%1, b= k3pp(52)To,

diug respectively. It follows from Assumption
52
A3 that a > 0 and b > 0 hold true.

The characteristic equation of the system corresponding to the equilibrium
point p has the form

d
where 4} and p5 mean e and
S1

0 = P\7i,7m)

—(u+a)—A —kiaue® ™
N 1 (51) @ e~ Pram)n ati(e ™ — 1) — A
—(a+b)—A —kgaue*'™
X
(i (52)Tpe~ M Fat)™ oti(e ™ — 1) — A
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= Pi(\1) X Pa(N\s72),
where A is a complex number and

Pi(xm) = M4 (i+4a+ i)+ ad(i+ a) — aa(i+ N)e M,
Py(\im) = AN 4 (T4 b+ au)\ + at(a +b) — i@+ Ne ™.

First we shall show that if 71 = 7 = 0 then there exist no roots A of
P(X\;11,72) = 0 with Re(A) > 0. The equation P;(A;0) = 0 is equivalent with
A2+ (@ + a)A + aua = 0. Obviously, the latter quadratic equation has no roots
A with Re(\) > 0. The same is true for P»(\;0) = 0.

Let 7 > 0 and 7 > 0. We shall show that there are no roots of
P(X\; 711, 72) = 0 on the imaginary axis. Let A = iw with w > 0. For P (iw;11) =0
we obtain consecutively:

—w? + (u+ a+ au)iw + au(a + a) — au(a + iw)e_i“”l =0,

—w? + (@4 a + at)iw + ot + a) — (i + iw)(cos(Tiw) — isin(myw)) = 0.

Separating the real and the imaginary parts of the last equation we obtain the
system

2

—w? + ati(i + a) = ai? cos(riw) + adiw sin(wTy)

(4)

(i + a + all)w = —adi sin(Tiw) + adiw cos(wy ).
Squaring both sides of the equations (4) and adding them together leads to
wt 4 (7 + a)’w? + o?@2a(2u + a) = 0.

With v := w? we obtain the quadratic equation v* + (@ + a)*v + o*u?a(2a +
a) = 0 which does not possess positive real roots since a > 0 holds according to
Assumption A3.

The same conclusion is valid for P, (iw; 72) = 0. Therefore, P(\; 71, 72) =0
does not possess purely imaginary roots for any 7 > 0 and 7 > 0.

Applying Lemma 2 from [14] (see also Theorem 3 and Corollary 4 from [14]
as well as [15], |16] for similar results) to the exponential polynomial P(X; 11, 72)
we obtain that the characteristic equation P(A;71,72) = 0 does not have roots
with nonnegative real parts. This means that for any m > 0 and 7 > 0 the
positive equilibrium p is locally asymptotically stable. ]
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3. Existence and boundedness of the model solutions. Denote
by R the set of all non negative real numbers and by C the cone of continuous
functions ¢ : [~7,0] — RT, where 7 = max{7y, ™}, and set

C7 = {p = (Ps1s a1+ Pz Pz) € CFf x CF x CF x CF}.

Let @ € (0, up) be chosen in such a way that Assumptions A2 and A3 are
satisfied. Denote by 3 the system obtained from (1) by substituting the control
variable v by u. Using the Schauder fixed-point theorem it is easy to prove that
for each ¢ € Cff there exists o > 0 and a unique solution

(I)(tv 90) = (81 (tv 9051)7 xl(tv 905131)7 52(t’ 9082)7 l’g(t, 30362))

of (1) defined on [—7, o) such that ®(¢,¢) = ¢(t) for each t € [—7,0] (cf. Theorem
2.1 in Chapter 2 of [11]).

We fix an arbitrary ¢ € C? with ¢°(0) > 0. Then there exists ¢ > 0
such that the corresponding solution ®(t,¢°) of ¥ is defined on [—7, 0). Denote

for simplicity ®(t, ") = ®(t) = (s1(t), x1(t), s2(t), z2(t)).

Proposition 2. The components of ®(t) take positive values for each t € [—T, 0).

Proof. If s;(t) = 0 for some t € [0,p), then $;(¢t) > 0. This implies that
s1(t) > 0 for each t € [—7, p). Analogously one can obtain that sa(t) > 0 for each
t € [-7,0). The presentation

t
.%'j(t) = (pgj (O)G_QM +A e_au(t_a)uj(Sj(U - Tj))%‘j((f - Tj)dO’, j = 1,2,

implies that x;(¢) > 0 for each t € [—7, p). This completes the proof. O

Proposition 3. The solution ®(t) of ¥ is defined for each t € [—7,4+00) and is
bounded.

Proof. Denote
(5)  s(t) := e T (kysy(t) + k1sa(t))  and  s' = 70U (kgs’i + k’lsé) .
Then s(t) satisfies the differential equation

(6) 5(t) = a(s" — s(t)) — krkze "™ g (so(t))xa(t).
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We set

@ (t) = s(t) + kikse UM g0 (t 4 1) — SEZ

@) = s(t)+ kikse T g (E 4 1) —
Then

@) = uls' — s(t) — akikse @ M) gy (t 4 7)]
< afs' -« <s(t) + ke kge M) gy (1 4 72))] = —auq(t),

and hence
(7) a1(t) < q1(0) - e™™.

The latter inequality shows that ¢ (¢) is bounded. Using the fact that the values
of s1(t), s2(t) and z2(t) are positive, it follows that si(t), s2(t) and za(t) are
bounded as well. Analogously one can obtain that

(8) g2(t) > g2(0) - e ™.

The estimates (7), (8) and the definition of s(-) imply that for each € > 0 there
exists T, > 0 such that for each t > T the following inequalities hold true
i

) s — e < s(t) + kikse "My (t 4 1) < SE +e.

In the same way as the estimates (9) were obtained one can show that for each
€ > 0 there exists a finite time 7, > 0 such that for all £ > T, the following
inequalities hold

i

(10) Sli —e< Sl(t) + kleaﬁﬁxl(t + 7-1) < 51 +e.
(6%

The inequalities (10) imply that z;(¢) is also bounded. Thus the trajectory ®(t)
of ¥ is well defined and bounded for all ¢ > —7 (cf. also Theorem 3.1 in Chapter
2 of [11]). This completes the proof. O

4. Global stability of the model solutions. The main result of
the paper is presented in the next Theorem 1, which states that the equilibrium
point p is globally asymptotically stable for system ¥ for all values of the delays
leoandTQZO.



16 Milen K. Borisov, Neli S. Dimitrova, Mikhail I. Krastanov

Theorem 1. Let Assumptions A1, A2 and A3 be fulfilled and let ©° be an ar-
bitrary element of C* with ¢°(0) > 0. Then the corresponding solution ®(t, ")
converges asymptotically towards p.

The proof of Theorem 1 is based on Propositions 1, 2 and 3 as
well as on the following Lemmas.

Barbalat’s Lemma (cf. [9]). If f : (0,00) — R is Riemann integrable and
uniformly continuous, then hm f(t)=0.

Fluctuation Lemma (cf. [12]). Let f : [0, +00) — R be a differentiable function.
If litm inf f(t) < limsup f(¢) then there exist sequences {t,,} T oo and {s,,} T o0
—0 t—00

such that for all m the following relations hold true:

f(tm) — limsup f(t) as m 1 oo and f'(t,,) = 0,
t—o0
f(sm) — litrginff(t) as m 1 oo and f'(s;,) = 0.

Lemma 1. There exists Ty > 0 such that s1(t) < si and s2(t) < s4 + k—zszl for
1
each t > Ty.

Proof. Let us assume that there exists £ > 0 such that s;(t) > s} for all t > .
Then

s1(t) = (st — s1(t) — kapu (s1(t))a (1) <0,
and hence s1(-) is a strictly decreasing function. It follows from Proposition 3
that s1(-) and x1(-) are bounded differentiable functions defined on [—7,+00),

thus $1(-) is a uniformly continuous function. Applying Barbalat’s Lemma we

obtain ‘
0= lim &(t) = lim [a(s} — s1()) — k1pas (s2(5))1 (1))

t—o00

Because s — s1(t) < 0 and 21(t) > 0, the above equalities imply that s;(¢) | s}
and z1(t) | 0 as t 1 oo. Define (cf. Lemma 2.2 in [18])

21(t) == x1(t) + /t ey (s1(0))z1(0)do.

It follows then from Assumption A3 (because st 4+ vy > s1(t) > s > 5 for
sufficiently large t) that

a(t) = 21(t) (e™ M pi(s1(t) — aw) = x1(t) (e” " pa(s1(t)) — e pa(51))
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= 21()e” " (u1(s1(t)) — p1(51)) > 0 for all sufficiently large t > ¢,

and so there exists zJ > 0 such that z1(¢) 1 2] as ¢ T co. But this is impossible
according to the definition of z; () and because we have already shown that x;(¢) |
0 asttoo.

Hence, there exists a sufficiently large Ty > 0 with s1(Tp) < s%. Moreover,
if the equality s1(f) = st holds true for some ¢ > Tp, then we have

$1(8) = u(st — s1(8) — krpa (s1(8) 21 (F) = —kapa (s1(F))z1(F) < 0.

The last inequality shows that s (t) < st for each t > Tp.

Further with s(¢) and s from (5), and $(t) from (6) one can show in the
same way as above that s(t) < s' for each t > Ty (if necessary Tj can be enlarged),
i. e.,

e~ UL (k‘gsl(t) + k‘lsg(t)) < e U (k'QS’i + k‘lsé) .

Since 0 < s1(t) < s}, it follows that so(t) < s + %s’l is fulfilled. The proof of
1
Lemma 1 is completed. O

Lemma 2. Denote
~1 :=limsupz;(t), 97 :=liminfz; (),
ttoo tToo
vi(t) == e s (t) + krzi (t+ 1),

aq :=limsupwvi(t), F1:=liminfv(t).
tToo tfoo

Then the following relations hold true: y1 = 61 > 0 and aq = 1.
Proof. Let us assume that 4; = 0. Choose an arbitrary
g€ (0, (st —51)/(1 4 k1e®®™)).

According to Proposition 3 (see (10)) there exists T, > 0 such that for all ¢ > T
the following inequalities hold true

i

(11) s\ —e<si(t— 1)+ ke My (t) < S R
«

Since 01 = 0 there exists tg > max(T;, Tp) such that z1(tg) < . We set (cf. Lemma
3.5 in [18])

o :=min{x(t): t € [to — 11,0]}

fr=sup{t 2 tg — 7t a1(r) 2 o forall 7 € [t — 1, 1]}



18 Milen K. Borisov, Neli S. Dimitrova, Mikhail I. Krastanov

Clearly o € (0,¢], t € [to, +00), x1(t) > o for all t € [ty — 71, 1] and
(12) z1(t) = o and #1(¢) < 0.

Taking into account Assumption A3, (11) and the choice of €, we obtain consecu-
tively

st > s1(t—11) > 8 — ke (f) —e > st — (14 e Ey)e > 5y,

i1 () = e My (s1(t — 11))x1(f — 71) — @tz (t) > atic — aio = 0.

The last inequality contradicts (12) which means that §; > 0.

Let us assume that v = v; = 61 > 0, i. e., the limit of x(¢) exists as
t — 0o. We shall show that oy = f1 holds true. Applying Barbilat’s Lemma, we
obtain that tliglo z1(t) =0, i. e.,

efaﬁﬁ'ul(sl(t — 7'1))$1(75 — 7'1) — aﬂxl(t) —0ast— co.

From here it follows that p1(s1(t)) — au as t — oo. Applying Assumption A3
leads to s1(t) — 51 as t — co. But then

v(t) = e sy (t) + kiw(t + 1) — e "5 + kyy for t — oo.

Hence «y = B in this case.

Assume now that ay = (1, i. e., the limit of v;(¢) exists as t — oo. We
shall show that 4 = 97 is fulfilled. Applying again Barbilat’s lemma, we obtain
that tliglo 01(t) =0, 1. e,

01(t) = ae” st — vy (t) + (1 — @)kyazy (t +711) — 0 as t — oo,

From here it follows that there exists the limit of x;(¢) as t — oo and we can
continue as in the previous case to obtain that y; = d;.

Assume that oy > §; and 1 > 91 hold true. We study this case using
some ideas from the proofs of Lemma 4.3 of [18] and Theorem 3.1 of [17].

Let £ > 0 be an arbitrary fixed number. Applying the Fluctuation Lemma,
there exists a sequence {t,, }oo_; — oo such that for each m we have

lim z1(ty) =71, Z1(tm) =0 and z1(t;,, — 1) <71 + €.

mToo
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The equality #1(t,,) = 0 implies

.y o v1(tm — 11 —klxlt
ey (s1(tm — 1)) =€ My ( (tn e_)m—”l (m)>

otz (tm) - oz (ty)

ri1(tm —71) ~ mte

—aury,, (Viltm = T1) —Rizi(tn) ) o aum
H1 e—cxﬂn - - +E’

liminfe
mToo

and since € > 0 can be arbitrarily small, it follows that

V1 (tm — 1) — k‘lﬂfl(tm)> > a@

efaﬁ‘rl au.

lim inf e~ %™ gy (
mToo

Using Assumption A2 this inequality implies that

.ot =) — ki (te)
hwr?Tlorolf oot € [51,51),
and hence
(13) oy > e~ U 51+ kim-

Similarly one can show that 8; < e~ *“™5; + k16;. This and (13) imply

(14) ay — fB1 > ki(y —61) > 0.

Let £ > 0 be an arbitrary fixed number. Applying the Fluctuation Lemma,
there exists a sequence {tx}pe — oo such that for each k we have

(15) %ITHI Ul(tk) = oy, ﬁl(tk) =0 and Il(tk + 7’1) <y +e
00

The equality 01 (tx) = 0 implies that
0 =01 (ty) = ae " st — v (tg) + (1 — a)kiazy (ty, + 7).
From here and from (15) we obtain
de” "M st — avy (t) + (1 — @)kya(y +¢) >0,
e st >y — (1 — )k (71 +€).
Because € > 0 can be arbitrarily small, it follows that

—QuTty 1

e si > a1 — (1 —a)kim.
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In the same way one can show that e %™ s¢ < 8 — (1 — a)k1 01, and thus
a1 — 1 < (1 —a)ki(y1 — d1). Using (14), we obtain the inequalities

a; — 1 < (1 —=a)ki(y—01) <1 —a)(ar — 1),

which are impossible because a € (0,1). The contradiction shows that a; = /.
Using again (14), we obtain that v; = ;. This completes the proof. O

Lemma 3. Denote
o :=limsup xa(t), d2 := liminf za(t),
oo oo
va(t) == s(t) + krkse M) g0 (t 4 1),

ag = limsupve(t), B2 :=liminfwvy(t).
tToo tfoo

Then the following relations hold true: as = Ps and vo = 2.

Proof. The proof of Lemma 3 is similar to the proof of the previous Lemma, 2.
We consider only the case when ap > 3 and 72 > d2. Using (5) and (6) it is
straightforward to see that

ba(t) = &(t) + kikse "M Ty (t+ 1)
= a(s' — s(t)) — kiksate "M T gy (t + )
e 1,_6 <€_aﬂ715i — U2(t) + (1 — a)klk3x2€_aﬂ(Tl_T2)(t + 7_2)> ‘

Let € > 0 be an arbitrary fixed number. Applying the Fluctuation Lemma, there
exists a sequence {t,,}°_; tending to oo such that for each m we have

lim zo(tm) = v2, @2(tm) =0 and xa(ty, —72) < 72 +c.
mToo

The equality &2 (t,,) = 0 implies

—QuTs

p2(s2(tm — 12))
(Ug(tm — 7'2) — k‘Q@faﬂTlsl(tm) — klkigeaﬂ(ﬁm)xz(tm)>

e

—QuT2

= € H2 kle—aﬁﬁ
auzo(ty) S oz (tmy)

Jig(tm—TQ) - ’72+€
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From here we obtain

mToo kl e*au"—l

lim inf e~ %2 14 <v2(tm —79) — koe sy (b)) — k1k36_°‘“(“_72)1‘2(tm)>
S QU ’
T Y2 te

and since € > 0 can be arbitrarily small, it follows that

lim inf e =472
mToo

H2 kl 6704117'1

<v2(tm — 7'2) — er—aﬁnsl (tm) — klkge_aﬁ(n_m).’ﬂg (tm)> Z il
This inequality implies

o g V2t = 72) = kae” T s (bn) — kakse” "y (1)

mtoo kl Ut

Z 527
and hence
ap > e (kody + k152) + kikge “U T )y,

where §; = lim s1(¢) according to Lemma 2. In the same way one can obtain

t—00
that
Ba < €™ (kydy + k152) + kikge "7,

The last two inequalities imply
(16) ag — Bo > kikze OUTTT) (4 — §y).

Let £ > 0 be an arbitrary fixed number. Applying the Fluctuation Lemma,
one can conclude that there exists a sequence {t;}7; tending to oo such that for
each k we have

]lle Ug(tk) = (9, ’[)2(tk) =0 and 1‘2(tk + 7’2) < v +e.
00

The equality v (t;) = 0 leads to
0 = Dy(tr) = ae st — awy(ty) + (1 — )k kse M=) gy ( + 7).

From here we obtain that

Te g — Gug(t) + (1 — o)k kge @) (yy 4 £) > 0,
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and hence
e G > vy — (1 — a)krkse U T2) (4, 4 g).

Since € > 0 can be arbitrarily small, it follows that
e UG > g — (1 — a)ki1kse™ at(Ty— 72)72
In the same way one can obtain that
e Mgt < By — (1 — a)kikze UM )5,

and hence
ag — Ba < (1 — )kikze 0UM7T2) (ny — §y).

From here and (16) we get the inequalities
az = fz < (1= a)kikze™ ") (33 — 6) < (1 = a)(az — fo),
which are impossible because o € (0,1). The contradiction shows that as = [s.

Using again (16) it follows that do = 2. This completes the proof. O]

Proof of Theorem 1. Lemmas 2 and 3 imply that the solution @(t,g@o) =
O(t) = (s1(t), z1(t), s2(t), x2(t)) is convergent as t T oco. Let

li t) = 51, li t) = 21, li t) = 89, li t) = Zo.
t%gsl( ) S1, t#gfm( ) Z1, t#gsz() 52, t%IoIé$2( ) X2

Applying Barbalat’s Lemma, we obtain from 3 that

d .
0= lim —si1() = lim (a(sy —s1(0)) = ki (s1(5)21(1))
d : —aur ~
0= hrélO %wl(t) = tllglo (e Y (s1(t — 1))z (t — 1) — atax(t))
d .
0= 111})1o %sz(t) = tlgrolo (a(sh — s2(t)) + kapa (s1(2))21(t) — kspa(sa(t))za(t))
. d . —Qur: —
0= tlggo &xg(t) = t]g{)lo (e 2pa(sa(t — 72)) a2t — T2) — tiza(t)),
and hence ,
0 = (ﬂ(szl - §1) - klﬂl (51)@1)
0 = (6720:127—1”1((;1)561 — Oszfl)
0 = (11(82 — 82) + kQ/.Ll(Sl(t)) X1 — k3M2(§2)i‘2)
0 = (€_QQUT2M2(82).’L'2 — aﬁxg) .
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From here it follows that
p = (51,21, 52, T2) = (51,21, 82, T2).

Finally, the attractivity of the positive equilibrium p together with the local sta-
bility of p, means that p is globally asymptotically stable for all values of 71 > 0
and 79 > 0. The proof of Theorem 1 is completed. O

5. Maximizing the biogas production via extremum seeking.
Consider the model (1) with the output (2). Let Assumptions Al, A2 and A3
hold true for the dynamics (1). Denote by u € (0,u;) some value of the dilution
rate and consider the equilibrium point p(u) = (s1(u), z1(u), s2(u), z2(u)) where
s1(u), x1(u), s2(u) and x2(u) are computed according to Assumption A2 and to
(3). Denote further by

Qu) = Q(p(u)) = ks pa(s2(u)) 2(u)

the output, computed on the set of all steady states p(u), parameterized on the
input u. Q(u) is called input—output static characteristic of the model.

Assumption A4. The function u — Q(u), u € (0,up), is strictly uni-
modal, i. e., there exists a unique point umax € (0, up) where Q(u) takes a max-
imum, Qnax = Q(Umax) = Q(P(umax)), the function strictly increases in the
interval (0, umayx) and strictly decreases in (Umax, up)-

Denote further

P(Umax) = (81(Umax), Z1(Umax); $2(Umax); T2(Umax)) = (87, 21", s34, 25"%).

Our goal is to stabilize the system (1) towards the (unknown) equilibrium
point p(umax) and therefore to the maximum methane flow rate Qpax. This is
realized by applying a numerical model-based extremum seeking algorithm (ESA).
The algorithm is presented in details in [5] for the model (1) within 74 = 7 =0
and used in [6], |[7] and [8]. The ESA is now adapted to system (1) with discrete
delays 7 > 0, 79 > 0 and in accordance with the requirements of Theorem 1.

The main idea of the algorithm is the following: we construct in a proper
way a sequence of points u(l),u(Q), —,u™ ... from the interval (0, up) which
approaches upax; Theorem 1 guarantees that the dynamics is globally asymp-
totically stabilizable for each u = ul ), i. e., the solution approaches the equi-
librium p(u(j)), j = 1,2,.... Then by computing and comparing the values
Qip(u™M)), Q(p(u®)),...,Q(p(u™)),..., the desired equilibrium point p(umax)
and thus Qmax are achieved.
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In the computer implementation the algorithm is carried out in two stages.
In the first stage, “rough” intervals [U] and [Q] are found which enclose upmax
and Qnax respectively; in the second stage, the interval [U] is refined using an
elimination procedure based on the golden mean value strategy. The second

stage produces the final intervals [Umax] = [Upas Uihax] and [Qmax] such that

Umax € [Umax|, @max € [@max] and u;flax — U ax < €, where the tolerance € > 0 is
specified by the user.
ESA is implemented in a web-based software environment, see [19].

6. Computer simulation. The following specific growth rate functions
are considered in the model (1), taken from [1], [2] and [3]:

mi81
ksl + s1

moS2
Monod law), = Haldane law).
(Monod law), pusa(s2) Fo T 52 + (52712 (Haldane law)

pa(s1) =

In the simulation process we use the following numerical values for the model
coefficients, which are obtained by laboratory experiments and given in [1]:

ky =10.53 ko = 28.6 ks = 1074  kq = 675 s\ =75 s,=15
my = 1.2 ke =17.1 me =074 ke, =928 kr=16 a=0.5

To demonstrate the theoretical results and the facilities of ESA we consider two
numerical examples corresponding to different values of the delays. Let the initial
conditions be

Vs, (1) =2, 0z, (t) = 0.1, s, (t) =10, g, (t) = 0.05.

Example 1. 7, =2, 5, =T.

For these values of the delays the input—output static characteristic u —
Q(u), u € (0,uyp), satisfies Assumption A4, see Figure 1 (left).
ESA produces the following numerical values:

Umax ~ 0.209019, Qmax ~ 14.646,
SO~ 1434, 2 & 0.854, s & 13.546, 20 ~ 0.051.

Figure 2 (left) and Figure 3 visualize the numerical outputs resulting from ESA.

Example 2. 71 =5, . =3
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Fig. 1. The input—output static characteristic Q(u) with 7 = 2, 75 = 7 (left), and 71 = 5,
79 = 3 (right). The vertical dot lines pass through u,

=2, T,=T 7,=h, 1,=3
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Fig. 2. Time evolution of Q(t) towards Quax corresponding to Example 1 (left) and
Example 2 (right)

For these values of the delays the input—output static characteristic u —
Q(u), u € (0,uy), satisfies Assumption A4, see Figure 1 (right).
In this case we obtain the following numerical values:
Umax ~ 0.386966, Qmax ~ 17.701,
s a2 5.231, o' &~ 0.164, s5"** ~ 8.378, x5"™* ~ 0.076.

The numerical outputs resulting from ESA are visualized in Figure 2 (right) and
Figure 4.
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1, =0.200019, 7,=2, 7,7 U =0.200019, 7,2, 7,=7

— X -

0.854

...... 13.546

Substrate concentrations
Biomass concentrations

-t -
1434 Nl 4" = Smmeeerememmmm————— 0.051
0 0.0
0 200 400 600 800 1000 1200 0 200 400 600 800 1000 1200
Time Time

Fig. 3. Example 1. Time evolution of s1(t), s2(t) (left), x1(¢) and z2(¢) (right) towards

ST so ) 2 and 5™ respectively

W, =0386066, ,=5, 7,=3
_ X X

W, =0.386966, 7,=5 7,=3
— 5 5

R L SO 8378

Substrate concentrations
Biomass concentrations

0.164

0.076

0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000
Time Time

Fig. 4. Example 2. Time evolution of s1(t), sa(t) (left), z1(t) and xo(¢) (right) towards

max max max max 3
ST 85" 2 and x5™* respectively

7. Conclusion. In this paper we investigate a bioreactor model for
wastewater treatment by anaerobic digestion involving two different discrete de-
lays to describe the time delay in substrate conversion to viable biomass. To
the authors’ knowledge, such investigations have not been yet performed for this
bioreactor model. Using a properly chosen admissible value for the dilution rate @
we prove in Theorem 1 the global asymptotic convergence of the solutions to-
wards an equilibrium point, corresponding to . Moreover, the global stability is
proved under general assumptions of the specific growth rates, without knowing
the particular forms of these functions. Analytic expressions for the latter are
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introduced later to carry out the computer simulations. It is interesting to note
that the qualitative behavior of the solutions of (1) with 71 > 0, 75 > 0 is the same
as the solutions behavior of the model without delays, i. e., when 71 = 7 = 0,
see [8]. A model-based extremum seeking algorithm is applied to stabilize the
dynamics towards the equilibrium point where maximum production of methane
is achieved. Numerical simulation is included to illustrate the theoretical results.
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