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ABSTRACT. Given an n-ary k-valued function f, gap(f) denotes the essen-
tial arity gap of f which is the minimal number of essential variables in f
which become fictive when identifying any two distinct essential variables in
f- In the present paper we study the properties of the symmetric function
with non-trivial arity gap (2 < gap(f)). We prove several results concerning
decomposition of the symmetric functions with non-trivial arity gap with
its minors or subfunctions. We show that all non-empty sets of essential
variables in symmetric functions with non-trivial arity gap are separable.

Introduction. Given a function f, the essential variables in f are de-
fined as variables which occur in f and affect the values of that function. They
are investigated when replacing variables with constants or variables (see, e.g.,
[1,2,6,9]). If we replace some variables in a function f with constants the result
is a subfunction of f and when replacing several variables with other variables,
the result is a minor of f.
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The essential arity gap of a finite-valued function f is the minimum de-
crease in the number of essential variables in identification minors of f. In this
paper we investigate functions in k-valued logics with non-trivial arity gap, which
are important in theoretical and applied computer science, namely the symmetric
functions.

R. Willard proved that if a function f : A™ — B depends on n variables
and k < n, where k = |A| then gap(f) < 2 [10]. On the other hand it is clear
that gap(f) < n. Thus in the case we have gap(f) < min(n, k).

M. Couceiro and E. Lehtonen proposed a classification of functions ac-
cording to their arity gap [3, 4].

We have proved that if 2 < gap(f) < min(n, k) then f can be decomposed
as a sum of functions of a prescribed type (see Theorem 3.4 [8]).

A natural question to ask is which additional properties, of the arity gap
are typical of symmetric and linear functions with non-trivial arity gap. We in-
vestigate the behavior of subfunctions of symmetric functions with non-trivial
arity gap. So, in this paper we consider together the both types of replace-
ment in a function’s inputs—with constants (subfunctions) and with variables
(minors). We prove that “almost” all subfunctions of a symmetric function f
with non-trivial arity gap inherit the property of f concerning the identification
of variables. We are interested also in decomposition of symmetric functions as
“sums of conjunctions* (following [8]).

We also characterize the relationship between separable sets and subfunc-
tions of symmetric functions with non-trivial arity gap.

1. Preliminaries. Let k£ be a natural number with & > 2. Denote by
K ={0,1,...,k — 1} the set (ring) of remainders modulo k. An n-ary k-valued
function (operation) on K is a mapping f : K" — K for some natural number
n, called the arity of f. The set of all n-ary k-valued functions is denoted by P}’
Let f € P’ and var(f) = {x1,...,z,} be the set of all variables, which

occur in f. We say that the i-th variable z; € var(f) is essentialin f(x1,...,zy),
or f essentially depends on x;, if there exist values a1,...,a,,b € K, such that
f(ala B 7 a’i)ai+1) L) 7an) ?é f(ala ceey Qi—1, ba ai+1) L) aan)'

The set of all essential variables in the function f is denoted by Ess(f)
and the number of its essential variables is denoted by ess(f) := | Ess(f)|.
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Let z; and x; be two distinct essential variables in f. The function h is
obtained from f € P}’ by the identification of the variable x; with x;, if

h(al,. ey Qi—1,Q5, A1 - - - ,an) = f(al,. .. ,ai_l,aj,ai+1,. .. ,an),

for all (ay,...,a,) € K".

Briefly, when h is obtained from f by identification of the variable z; with
xj, we will write h = f;; and h is called an identification minor of f. Clearly,
ess(fi—j) < ess(f), because x; ¢ Ess(fi—;), even though it might be essential
in f. When h is an identification minor of f we shall write f F h. The transitive
closure of - is denoted by . Min(f) = {h | f = h} is the set of all minors of f.

Let f € P’ be an n-ary k-valued function. Then the essential arity gap
(shortly arity gap or gap) of f is defined by

gap(f) = ess(f) — max  ess(h).

Let h € Min(f) be a minor of f and
Ly = {m | 3 (h1, ..., hy) with fF hyb ...+ hy = hl.

The number depth(h) := max Ly, is called the depth of h and the gap index of f
is defined as follows
ind(f) := herl{l/[?rf%f) depth(h).

Let 2 <p <m. We let ;’fk denote the set of all k-valued functions which
essentially depend on m variables whose arity gap is equal to p, i.e., Ggfk ={f¢€
B | ess(f) =m & gap(f) = p}.

Let x; be an essential variable in f and ¢ € K be a constant from K. The
function g := f(x; = c¢) obtained from f € P}’ by replacing the variable z; with
c is called a simple subfunction of f.

When g is a simple subfunction of f we shall write f > g. The transitive
closure of > is denoted by >. Sub(f) = {g | f > g} is the set of all subfunctions
of f and sub(f) := | Sub(f)|.

Let g € Sub(f) be a subfunction of f and let

The number ord(g) := max O, is called the order of g.
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As usual we denote by S, the set of all permutations of the set {1,...,n}.
Let Ess(f) = {xi;,-.., 2, } € {z1,...,2,}. Let Sy be the set of all permuta-
tions of {i1,..., i, . We say that f is a symmetric function if f(x1,...,2,) =
f(:Cﬂ.(l), R ,xﬂ.(n)), for all m € Sf.

Given a variable x and ¢ € K, z¢ is an unary function defined by:

e J 1 if x=c
TV o it T # c.

We use sums of conjunctions (SC) for representation of functions in Pj'.
This is the most natural representation of functions in finite algebras. It is based
on the so-called operation tables of the functions.

Each function f € P}’ can be uniquely represented in SC-form as follows

0 0 k—1 k-1
f=ap 2] ...2; @...Bapy -7 ... D Dagn_y-x] ...xp
with m = 37" ¢;k" ", and ¢;, a,, € K, where “@” and “-” are the operations of

addition and multiplication modulo k in the ring K.

2. Symmetric functions with non-trivial arity gap. We are
going to study the behavior of the symmetric k-valued functions f with non-
trivial arity gap, i.e., with gap(f) > 1.

Lemma 2.1. Let f € P be a symmetric function which essentially
depends on n variables and let f > g then g is a symmetric function and if

Ess(g) # 0 then ess(g) = n — ord(g).
Proof. Without loss of generality let us assume that ord(g) = m > 0
and
fl>f((L‘1 :Cl)l>...l>f(.%'1 :Cl,(L‘Q:CQ,...,xm:Cm) =g.
It is obvious that ¢ is symmetric.

Clearly, x; € Ess(g) if and only if z; € Ess(g) for all ¢,j € {m+1,...,n}.
Hence if Ess(g) # 0 then Ess(g) = X, \ {z1,...,2n}. O

Lemma 2.2. Let2 < p <min(k,n). If f € G}, is a symmetric function,
then p =2 or p =n.

Proof. Let us suppose this is not the case. Then 2 < p < n. Hence there
is an identification minor h of f such that gap(f) = n—ess(h) and 2 < n—ess(h) <
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n. Without loss of generality assume that h = f,.,—1 and Ess(h) = {z1,..., 24},
where ¢ = n — p such that 0 < ¢ <n — 2. Then z,,_5 € Ess(f) \ Ess(h). Hence
for every n constants ci,...,¢q—3,Cn—9,dn_2,¢h—1 € K we have

f(cl) ey Cn—3,Cn—2,Cn—1, Cnfl) — f(cl) « 3 Cn—3, dn72a Cn—1, Cnfl)'
Since f is symmetric, Lemma 2.1 implies
f(cn*Qa c..,C2,C1,Tp—1, :Cnfl) - f(dn*Qa Cpn—3,...,C2,C1,Tpn—-1, xnfl)~

Hence x; ¢ Ess(h), which is a contradiction. O

Lemma 2.3 ([8]). Let f be a k-valued function which depends essentially
on all of its n, n > 3 wvariables and gap(f) = 2. Then there exist two distinct
essential variables x,, T, such that ess(fy—y,) = n—2 and x, ¢ Ess(fy—y). More-
over, esS(fuc—m) = €ss(fvem) =n —2 for all m, 1 < m < n with m ¢ {u,v}.

Lemma 2.4. Let 3 <n < k. If f € Gy, is a symmetric function then
Ty & Ess(fuey) for all 1 < u,v < n with u # v.

Proof. From Lemma 2.3, there are 1 < u,v < n with u # v such that
xy ¢ Ess(fu—y). Without loss of generality, let v = 1 and v = 2. Further, let
1<i<j<mnandai,...,a,, b€ K. Then we have

ficjlar,...,an) = flai,...,ai—1,a4,Git1,...,a,) =
flaj,aj,a1,...,0;-1,Gi11, ..., Qj—1,Qj41,...,0p) =
f(b,byar, ..., 1,041, .., 0j—1,0j41,-..,0n) =
flar,...,ai—1,b,ai41,...,aj-1,b,aj41,...,an) =
ficj(ar,...,aj—1,b,aj41,...,an).

This shows that x; ¢ Ess(fi;—;). O

Remark 2.1. If f is a symmetric function with non-trivial arity gap
then all its identification minors are symmetric. In fact, we have h = fo. 1 =
fleyeyxs, ... xy) for all ¢ € K, according to Lemma 2.4. Hence h is the sub-
function h = f(x1 = ¢,z9 = ¢) of f and by Lemma 2.1 it follows that h is

symmetric.
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Lemma 2.5. If f € Gy, n > 2, is a symmetric function then 1 <

, n
ind(f) < 5

Proof. Clearly if ess(f) > 2 then ind(f) > 1 for all f € P.

Lemma 2.3 and Lemma 2.4 imply that if f - hy - ... = h, with
m = ind(f) then depth(h;) = i and ess(h;) = n — 2i for ¢ = 1,...,m. Hence
ind(f) < g O

Let f € G5, n > 2, be a symmetric function and let ind(f) = m < g

Then for each minor h € Min(f) with depth(h) < m there is g € Min(f) such
that f = h = g and depth(g) = m.

Remark 2.2. Let f € Gy, n > 2, be a symmetric function and let
h € Min(f). From Lemma 2.2, we conclude that if depth(h) = < ind(f), then
h € ngzl, else h € GZ:%% k-

Let k and n, £k > n > 1, be two natural numbers such that 1 < n < k.
The set K™ of all n—tuples over K is the disjoint union of the following two sets:

Eqy :={(c1,...,cn) € K" | ¢; = ¢j, for some i, j with i # j},
Disy :={(c1,...,cn) € K" | ¢; # ¢j, for all i,j with i # j}.

Theorem 2.1 ([8]). Let 3 <n < k. Then f € Gy, if and only if f can
be represented as follows

(1) f= @ agaP ..zl @ a. @ Rl I

BEDis} ac€Eqp

where B = (dy,...,d,) and o = (¢1,...,¢n), and at least two among the coeffi-
cients ag,ag € K for 8 € Disy., are distinct.

Let o = (¢1,...,¢n) € K". We denote
S(n,a) = @ a7,

7T€Sn

Let o = (¢1,...,¢y) € K" and = (d1,...,dp) € K™ with m < n.
We shall write 5 < « if there are 1 < iy,... i, < n such that ¢;; = d;
and cs # d; for all s ¢ {i1,...,in} and all j € {1,...,m}.



Finite Symmetric Functions with Non-Trivial Arity Gap 425

Example 2.1. Let £ = 5. Then (0,1,1) < (0,1,2,1,4), but (0,1) £
(0,1,2,1,4) and (0,2,3) % (0,1,2,1,4). Let a = (1,2,4). Then

1.2 4,142, 21 4, 241, 412, 421
S(3,a) = zx5x3 B T Tx5 B T1THT3 B TITHT3 B T]TT3 B T]T5T3.

Theorem 2.2. Let f € G, 3 <n < k. Then f is a symmetric function

n,k’
if and only if it can be represented in the following form:

(2) f=a | @ atas.. x| o | D bpSn0)|,

acEqy BeDis}
where a = (c1,¢2,...,¢n) € Eqy, and at least two among the coefficients ag, bz €
K, for 8 € Dis}, are distinct.

Proof. Let f € G, 2 < n < k be a symmetric function and 3 =
(di,...,dy) € Disj. Let us set bg = f(8). Since f is a symmetric function, it
follows that f(dr(1),dr(2),--->drmn)) = bg, for each m € S,.

Let a € Eqj. Then (1) implies f(a) = f(0,0,...,0) = ag, which proves
that f is represented in the form (2). Clearly, if f is represented as in (2), then
it is a symmetric function with arity gap equal to n. O

Corollary 2.1. There are k() different symmetric functions
in Gy k-

k
Proof. There exists < > ways to choose ( in (2). Thus there are
n

+ 1 coefficients in (2), including ag taken from K. On the other hand we
n

have to exclude all k cases when ag = bg for 3 € Dis;. O

We are interested in an explicit representation of the symmetric functions
f with gap(f) = 2 in the case when ess(f) = 3. The case gap(f) = 2 and
ess(f) = 3 is really special and is deeply discussed in [8] where we decomposed
fe G;”k for k = 3 (see Theorem 5.1 [8]). In a similar way one can prove the
following more general result.

Theorem 2.3. Let f € G%,k; k> 3. Then f is a symmetric function if
and only if it can be represented in one of the following forms:

k—1
3) f=@uail|iaiio | @ fazag|| e | @ 0553,
=0

aEqu, (i)<a 5€Di32
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or
k-1

4) f= @ai xjrHTh @ @ '3l | | @ @ bsS(3,9)] ,
i=0 a€Eq, (i)<a seDis}

where a = (¢1,c2,¢3) and at least two among the coefficients a; € K, for i =
0,...,k—1 are distinct.

Theorem 2.4. Let f € P be a symmetric function with non-trivial arity
gap. Then

(2) If gap(f) = n or n, n > 2, is an even natural number or ind(f) <
n—1 then f(c1,...,c1) = f(ea,...,¢c2) forall c1,co € K;

(1) If n, 3 <n <k, is an odd natural number, gap(f) = 2 and ind(f) =

n —

5 then there exist at least two values c1,co € K such that f(c1,...,c1) #
fleay .. ea).

Proof. (i) We have to consider three cases:

Case A. Let gap(f) = n.

Then f € Gy, j, and from Theorem 2.1 it follows f(c1,...,c1) = f(c2,...,c2)
for all ¢1,¢c9 € K.

Case B. Let n, n > 2 be an even natural number and gap(f) = 2.
Let ¢1,c2 € K be two constants with ¢; # co. From Lemma 2.4 it follows
that =, ¢ Ess(fyy) for all 1 <wu,v < n with u # v. Then we obtain

flea,cay. .. o)

=f(c1,c1,¢2,C0,¢2,...,C2) because x5 ¢ Ess(f1.2)
=f(c1,c1,¢1,C1,C2, ..., C2) because 3 ¢ Ess(f1—3)
=f(c1,c1,¢1,c1,¢1,C1,C2,...,C2) Dbecause x5 & Ess(fe—5)
=f(c1,¢1,...,¢1,C1,C2,02) because 3 ¢ Ess(fn—2n—3)
=f(c1,c1,...,¢1,¢1,¢1,C1) because x,,—1 ¢ Ess(fn—n—1)-

n—1

Case C. Let gap(f) = 2, n be odd and ind(f) < 5
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~ 1

Let ind(f) = n 5 m < r 5 for some odd natural number m, n — 2 >
m > 3. Let h € Min(f) be a minor of f with depth(h) = % Since f is
symmetric and gap(f) = 2 we have z, ¢ Ess(fyy) for all 1 < u,v < n, u # v.
Hence from Lemma 2.1 it follows that

h = [ .- [f2<—1]4<—3 .- -]nmenfmfl =
f(.%'l,.%'l,.%'g,fl'g, o s Tn—m—1,Tn—m—1,Tn—m-+1,--- 7xn) =
f(cla oy C1Ly Tn—mA4-1, - - - ,l’n)

n—m
for an arbitrary constant ¢; € K. Since depth(h) = and m < n—2it

follows that Ess(h) = 0. Consequently, h = f(c1,...,¢1) = f(ca,...,co) for all
cl,c0 € K.

(73) Let n, 3 < n < k be an odd natural number, gap(f) = 2 and ind(f) =
n—1

First, let n = 3. Then from (3) and (4) it follows that f(i,7,7) = a; and
there are a;,a;, 1,5 € K with a; # a;. Hence f(i,4,7) # f(4,7,7).

1
Second, let n > 3 and ind(f) = nT Let g € Min(f) be a minor of f
for which depth(g) = ind(f) and as above we can write

g=1[..[fac1)ac3 .. Jn—1cn—2.

n—3

Let h be a minor of f with depth(h) = < ind(f) such that g = hp—1p—2,
ie., xp_9,2,—1 € Ess(h) and by the symmetry of f we have {z,,—2,xp_1,2n} =
Ess(h).

Then there is a ternary function ¢ € P2 such that

t(.%'n_g, Tn—1, «%'n) - h(ala sy An—3,Tn—2,Tn—1, xn)

for all (ay,...,a,_3) € K" 3 and t is symmetric (see Remark 2.1).

Thus we have t(z,—2,zp—1,2,) = f(c1,¢1,...C1,¢1,Tn—2,Tn_1,%y) for an
arbitrary ¢; € K. Hence f(c,...,c) = t(c,c,c) for all ¢ € K. If xy,z, € Ess(h)
then z, ¢ Ess(hy—y), else x, € Ess(fy—,) which is impossible, according to
Lemma 2.3. If we suppose that Ess(hy.,) = 0, then by the symmetry of f it
follows that depth(h) = ind(f), which is a contradiction. Again, by the symmetry
of f it follows that Ess(hy—y,) = Ess(ty—y) = Ess(t) \ {z4,z,} and hence ¢ €
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G;”k. According to Theorem 2.3 it follows that there exist ¢1,co € K such that
t(c1,c1,c1) # t(ca,ca,c2) (see case n = 3, gap(f) = 2) and hence f(ci1,...,c1) #
f(627"'762)' O

Theorem 2.5. Let 3 < min(n,k). If f € Gy is a symmetric function
then

n k-1

n—1
— m,.m
f - @ @ @xz IE] g(xl)”'axi*th*la"'7xjflaxj+1a"'7xn) S

i=1 j=i+1m=0
@ h(xy,...,zp),
where g and h are symmetric functions such that: h(a) =0 for all a € Eq;; and

Gyl if  ind(f) > 2
9y an2 g
n_ok 1 ind(f) = 2.

Proof. The conjunctions in SC-form of any function f € P}’ can be
reordered so that

n k-1

n—1
F=P P P el gijm & hiz,... wn),

i=1 j=i+1m=0

var(gijm) = {1, -, Ti—1, Tit1, -, Tj—1,Lj41,---,2n} and h(a) = 0 for all a €
Eqj.

Let f € Gy, be a symmetric function with n > 2. Since h might assume
non-zero values on the set Disy, only, it follows that i has to be a symmetric
function.

Then we obtain

n k-1

n—1
o | P P s} lgijmle| @

i=3 j=i+1m=0

k—1
m,.m
foc1 = | @D &2 grom
m=0

n k-1 n k-1
©® EB EB 2" grim(v2 = m) @ @ @ " g2im (1 = m).
i=3 m=0 i=3 m=0

Since x, ¢ Ess(fy—vy) for 1 < u,v < n, u # v it follows that gi2,, = g12s
for all s,,m € K. By the symmetry of f it follows that g;;,, = gi;s for all
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s,m € K and 1 < i < j < n. Hence the index m is redundant and we might
write g;; instead of gijm, i.e., gij = gijm for m € K. The symmetry of f
implies g;;(o) = guv(cv) for each o € K" 2 ie., the functions gij are identical,
considered as mappings of K" 2 to K. Hence there is an (n — 2)-ary function
g € Pl?*z which maps each a € K" 2 as follows g(a) = gij(a). Consequently
Gij = g(xl,xg ey T T 1y e L1 Ty - ,xn) for 1 <i<j<n.

Suppose that g is not a symmetric function. Without loss of gener-
ality assume that g;; is not symmetric with respect to zq1,22 and 3 < @ <
7 < n. Then there exist n — 2 constants ci,cs,c3,...,¢ch—2 € K such that
gij(cl, C2,C3, ... ,Cn_g) 7& gij(Cg, C1,C3,... ,Cn_g). Clearly C1 7& Co. If dl, dg e K
with d1 7& d2 then

n k-1

n—1
fler=di,m =do) =P P P ai"a]'gij(x1 = di,z2 = do) @

i=3 j=i+1m=0
® h(z1 = di,x2 = da).

Since h is symmetric, it follows h(x1 = dy,x9 = da) = h(x1 = da,x2 = di) and
hence f(x1 = ¢1,22 = ¢2) # f(x1 = 2,2 = ¢1), which is a contradiction.

Hence g;; is a symmetric (n — 2)-ary function which essentially depends
on all of its variables. Since ess(f2—1) = n — 2 it follows that z1 ¢ Ess([gij]o—1)
and hence gap(gi;;) > 1. According to Lemma 2.2 we have gap(g;j) = 2 or
gap(gij) =n — 2.

Let ind(f) > 2. Then ess([fa—1]acg) > 0 implies Ess([gijl2—1) # 0. By
the symmetry of f and g;; it follows that Ess([gij]o—1) = {z3,...,2n} \ {zi, 2}
Hence g;; € G’;’f for1 <i<j<n.

Let ind(f) = 2. Then ess([fo—1]ac3) = 0 implies Ess([gijlo—1) = 0.
Hence g;; € GZ:gvk forl1<i<j<n. O

Theorem 2.2, Theorem 2.3 and Theorem 2.5 provide decompositions of
the symmetric functions with non-trivial arity gap in the basis (®,- , {x%}ack)
of the algebra Py

As usual we shall say that a k-valued function f € P} is linear if f =
a1y @ agxs @ ... D apx, @ ¢, where ay,ag,...a,,c € K. Clearly, z; € Ess(f) if
and only if a; # 0.

Theorem 2.6. The set P}, k,n > 2, contains a linear function with
non-trivial arity gap if and only if k is an even natural number.
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n
Proof. Let f = [@ a;x;| ®cwith c,a; € K. Without loss of generality

i=1

n

D aix

1=3

let us consider the identification minor fo. 1 = (a1 ® a2)zr1 @ @ c.

Clearly ess(fo—1) > ess(f) — 2, i.e., gap(f) < 2.
Let k£ be an even natural number and k = 2m for some m € N. Then let
us consider the following linear (and symmetric) function

f=mx1®z2D...Dxy,) B,
for some ¢ € K. Clearly,
fi<_j:m(aclEB...@xj_l@xj_H@...xi_l@xi+1@...@xn)@c.

Hence f € Gy .

Let k& be an odd natural number and let f = a121 ® ... ® apx, @ ¢, for
some ¢ € K, be a linear k-valued function. First assume that there are ¢ and j,
1 <4,5 < n,such that i # j and a; = a; # 0. Without loss of generality let us
assume (j,7) = (1,2). Then we have a1 @ ags = 2a; and

foc1 =2a121 P asrs & ... Bapx, B e

Since k is odd it follows that 2a; # 0 (mod k). Hence Ess(fo1) = {x1,..., 2z} \
{z2} and f ¢ G3;. Second, let a; # a; for all 7 and j, 1 <4 < j < n. Then
we have a1 + as # k or a1 + ag # k. Without loss of generality assume that
a1 + as # k. Hence

f2<_1 = (a1 + ag)xl DazxrsD ... Dxy, D
Since k # aj + as < 2k it follows that a1 + ag # 0 (mod k) which implies
fEGyy. O

One can prove that if f is a linear function with non-trivial arity gap then
f is symmetric.

3. Subfunctions of symmetric functions with non-trivial ar-
ity gap. In this section, we shall study the subfunctions of the symmetric
k-valued functions f with non-trivial arity gap.
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Let ¢ € K be a constant from K and f € P’ be a symmetric function.
We say that ¢ is a dominant of f if f(c1,...,cn-1,¢) = f(d1,...,dp—1,c¢) for
every ¢i,...,¢n—1,d1,...,dp—1 € K. Dom(f) denotes the set of all dominants
of f.

Clearly if ¢ € Dom(f) then Ess(f(x1,...,2Zn_1,¢)) = 0, i.e., the subfunc-
tions of f of order 1 obtained by dominants of f are always constant functions.
If f € Gy, then ¢ € Dom(f) if and only if f(c1,...,cn-1,¢) = f(0,...,0) for all
C1,...,¢ch—1 € K, according to Theorem 2.1.

A constant ¢ € K is called a weak dominant of f if it is a dominant of an
identification minor of f.

If f is a symmetric function then the weak dominants of f are dominants
of all identification minors of f. Wdom(f) denotes the set of all weak dominants
of f.

Theorem 3.1. Let f € Gy be a symmetric function with 2 <k, 2 <n
and let g = f(x; = ¢) for some x;, 1 < i < n and for some constant ¢ € K be a
subfunction of f. If ¢ ¢ Dom(f) then g is a symmetric function which belongs to
the class GZ:ik.

Proof. We shall consider the non-trivial case n > 2 (else the subfunctions
of f will depend on at most one essential variable). Hence k& > 2 because 2 <

n = gap(f) < k.

By symmetry we may assume that g = f(x, = ¢). Since ¢ ¢ Dom(f) it
follows that Ess(g) # (). Lemma 2.1 implies that Ess(g) = {z1,...,2,-1}. Thus
we obtain

go—1 = g(xl,xl,xg, e ,.’L‘n_l) = f(xl,.%'l,.%'g, Ce ,{L‘n_l,c).
Theorem 2.2 implies that for every n — 2 constants cq,...,c,_2 € K we have
glcr,c1,¢9,. .0 en—2) = fler,e1,¢0, ... cn_a,c) = f(0,...,0)

because (c1,c1,¢2,...,¢ch—2,¢) € Eq). Consequently g is symmetric and ¢g €
~1
Gy O
Let us denote range(f) = [{f(a) | « € K"}| for f € P}’ and

iz = () () o (L)

Lemma 3.1. If f € Gy, ,, n < k is a symmetric function, then sub(f) <
suby + range(f).
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Proof. Let f > g and ord(g) = m > 1. Without loss of generality let

us assume g = f(z1 =¢1,...,Tm = Cm)-
Let = (e1,...,¢m) € Eqf'. Then Theorem 2.2 implies that g =
f(0,...,0), i.e., g is a constant. So, g can be obtained in two ways, only: when

a € Eq;’ or m = n. Then it is clear that the number of all constant subfunctions
is equal to range(f).

k
Let o = (c1,...,¢m) € Dis'. Since | Disy' | = < >.m!, the symmetry of
m

k
f implies that there exist at most ( > subfunctions of order m, 1 < m <n —1.
m

Thus, if f € Gy, n < k is a symmetric function then the number of all its
subfunctions is equal to at most suby. Hence sub(f) < subj +range(f). O

Remark 3.1.

(7) Note that Lemma 2.1 and Theorem 3.1 imply that if g € Sub(f) with
ess(g) =1 > 1then g € Gé,k-

(73) Let f be a function represented as in (2) with ap = 0 and let
bs € K be non-zero integers for all 3 € Disy. Let (c41,...,¢,) € Disp ™™ and
m < n. Then we have f(Zpy4+1 = Cmgl,y-.. Tn = Cp) = @ boS(m, ), where

~YEDisy
a=(di,...,dm,Cm41,---,¢p) € Dis and v = (di,...,d;,) € Disj". Since bz # 0,
it follows that f(zm+1 = Gmt1,- .., Tn = ¢n) depends essentially on all its m vari-
ables. Consequently, f(Zm+1 = Cmtty -y Tn = ) = [(Tmt+1 = Gmt1s-- - Tn =
ap) for apy1,...,a, € K if and only if {¢p41,... 0} = {am+1,-.-,an}. This
implies that sub(f) = subj, +range(f), i.e., the function f reach the upper bound
for sub(f), obtained in Lemma 3.1.

(7i7) The next example will show that sub(f) < subf + range(f) can hap-
pen. Let k =4, n =3 and f = 5(3,(0,1,3)) ® S(3,(0,2,3)) (mod 4). Clearly,
feGiand f(z1 = 0,20 = 1) = f(z1 = 0,29 = 2) = a3, f(z1 = 1,29 =
3) = f(z1 = 2,29 = 3) = xg, and f(z1 = 1,22 = 2) = 0, which shows that
sub(f) =4 + 3+ 3 =10 and subj = (111) + <;1) + range(f) =446 +3 = 13.

Theorem 3.2. Let f € Gy, 3 < min(n, k) be a symmetric function and
c€ K. Then

(1) t = flxq = c,xj = ¢) € G;‘;Q for all i,5, 1 < i,5 < mn, 1 # jif
ind(f) > 2; 7

(1) t = f(z; = c,zj =¢) € G'73, foralli,j, 1 <i,j <m,i#jif
ind(f) = 2; ’



Finite Symmetric Functions with Non-Trivial Arity Gap 433

(iii) t = f(zi = ¢) € Gi_ . for all i, 1 <i < n if c € Wdom(f);

(i) t=f(z;=c) € Ggy;l foralli, 1 <i<mnifc¢ Wdom(f).

Proof. Let f € Gj, 3 < min(n, k) be a symmetric function and c € K.
By the symmetry of f we may consider the pair (1,2) instead (i, j).

(7) From Lemma 2.5 and ind(f) > 2 it follows that n > 6. Then we have

t(ay,...,an_2) = h(c,c,a1,...,a,_9) for all (ay,...,a, —2) € K" 2, where h =
fa—1 and depth(h) =1 < ind(f). From Lemma 2.3 it follows that ¢ and h depends
on n — 2 variables, i.e., Ess(h) = {z3,...,z,}. Then g = hye 3 = [fo1]ac3 is a

minor of f with depth(g) = 2 < ind(f). Hence it follows that Ess(g) # () and by
the symmetry of f we have Ess(g) = Ess(t43) = {z5,...,2,}. Hence t € GQ’ZQ.

(7i) Let ind(f) = 2 and ¢, h and g are as in (7). Now, depth(g) = 2 =
ind(f) implies that Ess(g) = Ess(t43) = 0. By the symmetry of f it follows
that all identification minors of £ do not depend on any of its variables. Hence

teGr 3,

(791) Let ¢ € Wdom(f) and t = f(c,xo,...,z,). Without loss of gener-
ality, assume that c¢ is a dominant of f,,—1, i.e., f(c,za,...,Tpn_9,c1,c1) does
not depend essentially on any variable for all ¢; € K. Then Lemma 2.3 implies
tseo = f(c,c,comy, ... 2n) = fe,xa, ..., Tpn_9,c1,c1). Hence Ess(tso) =0, i.e.,
teG' 1,

(w) Let ¢ € K and ¢ ¢ Wdom(f) and t = f(c,z9,...,2,). Then t3_o =
fleye e xy, ... xy) depends on at least one variable (else ¢ € Wdom(f)). From

Lemma 2.1 it follows that Ess(ts—2) = {z4,...,2,} and hence t € G5 '. O

Corollary 3.1. If f € P, is a symmetric function with non-trivial arity
gap, then its every subfunction g = f(x, = c¢) with ¢ ¢ Dom(f) has non-trivial
arity gap.

Proof. If f € G}, we are done by Theorem 3.1 and if f € Gy, by
Theorem 3.2. O

4. Separable sets of symmetric functions with non-trivial
arity gap.
Definition 4.1. A set M of essential variables in f is called separable

in f if there is a subfunction g of f such that M = Ess(g).
Sep(f) denotes the set of all separable sets in f and sep(f) = |Sep(f)|.

Note that the constants in the range V(f) ={ce€ K | 3a € K", f(a)=
¢} of f form subfunctions of f, which do not depend on any essential variable.
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So, the empty set, we will include in Sep(f).

The numbers sep(f) and sub(f) are important complexity measures of a
function f € Pj'. The separable sets and the valuations sep(f) and sub(f) are
studied in work by many authors: O. Lupanov [5], K. Chimev [1, 2], A. Salomaa
[6], S. Shtrakov and K. Denecke [9], etc.

If f > g with ord(g) = m > 0 then g uniquely determines an m-element
set M, M = Ess(g) C Ess(f), which is separable in f. It is possible for the same
M to be the set of essential variables of another subfunction ¢, f >t of f, i.e.,
Ess(g) = Ess(t), but g # t. Consequently, sep(f) < sub(f). Theorem 3.1 and
Theorem 3.2 show that if f is a symmetric function with non-trivial arity gap
then its subfunctions determined by constants outside Dom(f) have non-trivial
arity gap. Lemma 3.1 gives an upper bound of sub(f).

In this section, we prove that the complexity measure sep(f) assumes its
maximum value on the symmetric functions with non-trivial arity gap.

Theorem 4.1. If f is a symmetric function with non-trivial arity gap,
then each set of essential variables in f is separable in f.

Proof. Let f € Gy, n < k and let Ess(f) = {z1,...,7,}. Without loss
of generality let us prove that M = {x1,..., 2z}, m < n is a separable set in f.
According to (1) there are constants ¢y, ..., ¢, € K such that f(cq,...,¢,) # ao,
where a9 = f(di,...,d,) for all (di,...,d,) € Eq;. We must show that if
f1 = f(®m+1 = Cmit1s---,Tn = ¢y) then M = Ess(fy). Let z; € M be an
arbitrary variable from M, i.e., 1 <t < m. Again from (1) it follows that

fler, oo Cta1,Cny Clgty e oy Cmy e o+ 5 Cn) = Q.

Hence z; € Ess(f1), which implies M = Ess(fi).

Let f € Gy, n < k be a symmetric function. Without loss of generality
let us assume that M = {x1,...,2,,}, m < n is a set of essential variables in f.
We have to prove that M is a separable set in f. Since x; € Ess(f) by Theorem
1.2 [2], there is a chain of subfunctions

f=I> fuo1...> fa> i

such that Ess(f1) = {z1} and Ess(f;) = {z1,74,,...,2;;} forall j =2,3,...,n.
Without loss of generality we may assume that i = [ for [ = 2,...,7 and there
are constants ¢p,y1,...,c, for the variables in Ess(f) \ E'ss(f,) such that

fm - f(xm-‘,-l = Cm+1,Tm+2 = Cm+42, -+ -, Tp = Cn)-
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Consequently, f(Zm+1 = Cmt1s Tmt2 = Cmt2,--.,Tn = Cy) is a function which
depends essentially on the variables x1, ..., x,, i.e., M is a separable set in f. O

Corollary 4.1. If f € P} is a symmetric function with non-trivial arity
gap then sep(f) = 2".

Corollary 4.2. If f € P is a symmetric function with non-trivial arity
gap then sub(f) > 2".

Lemma 3.1 implies that if n <k and f € Gy, ;, then

2" = sep(f) < subl(f) < Z (%)

and if kK = n then 2" = sep(f) = sub(f).
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