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ON BLOCKING SETS IN AFFINE HJELMSLEV PLANES*
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ABSTRACT. We prove that the minimum size of an affine blocking set in the
affine plane AHG(rR?), |R| = ¢*, R/rad R 2 F,, is q(2¢ — 1) for all planes
over chain rings R with |R| = 4,9 or 16.

1. Introduction. In this paper, we study the problem of finding the
minimal size of a blocking set in an affine Hjelmlsev plane over a chain ring of
nilpotency index 2. A classical result by [1, 2, 6] says that the minimal size of a
blocking set in an affine plane over a finite field is 2¢ — 1. All known proofs of this
result use the so-called polynomial method which does not have an analogue for
finite chain rings. An obvious upper bound for the cardinality of a blocking set
in AHG(gR?) with |R| = ¢, R/rad R 2 F, is ¢(2¢ —1). An interesting question
is whether this value is the best possible one, in other words, whether there exist
blocking sets of size smaller than ¢(2g — 1).
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In this paper, we prove that for the chain rings with ¢> = 4,9,16 the
smallest size is indeed ¢(2q — 1).

2. Basic Results and Facts. We consider Hjelmslev planes over chain
rings of nilpotency index 2, i.e. chain rings with rad R # (0) and (rad R)? = (0).
Thus |R| = ¢?, where R/rad R 2 F,. Chain rings with this property have been
classified in [3, 9]. If ¢ = p" there are exactly r + 1 isomorphism classes of such
rings. These are:

e for every o € AutF, the ring R, = F,[X;0]/(X?) of the so-called o-dual
numbers over [, with underlying set I, x F;, component-wise addition and
multiplication given by (ag + Xai1)(by + Xb1) = apby + X (a1bp + afb);

e the Galois ring GR(¢? p?) = Z,2[X]/(f(X)), where f(X) € Z,[X] is a
monic polynomial of degree r, which is irreducible modulo p.

Let R be a finite chain ring of nilpotency index 2 and let rad R = 0R = R0
for some 6 € rad R\ (0). Consider the module M = gR? and define the sets P
and L by

P={Rx|xze€ H}, L={Rr+ Ry]|xz,y linearly independent},

as well as an incidence relation I C P x L by set-theoretical inclusion. For the
incidence structure (P, £, I) define also a neighbour relation < by the following
axioms:

(N1) the points X,Y € P are neighbours (X ©Y) iff there exist two different
lines incident with both of them;

(N2) the lines s,t € £ are neighbours (s<t) iff there exist two different points
incident with both of them.

The incidence structure II = (P, L, I) with the neighbour relation < is
called the (left) projective Hjelmslev plane over R and is denoted by PHG(rR?).
The relation < is an equivalence relation on P and on £. The class [X] of all
points which are neighbours to the point X = xR consists of all free rank 1
submodules contained in xR+ M#6. The class [s] of all lines which are neighbours
to s = xR+ yR contains all free rank 2 submodules contained in xR + yR + M?§.

The next four theorems provide basic knowledge about the structure of
projective Hjelmslev planes over finite chain rings. They are special cases of more
general results (cf. [4, 5] and the references there).
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Theorem 1. Let I1 = PHG(R%), where R is a chain ring with |R| = ¢,
R/rad R = TF,. Then

(1) Pl = L] = ¢*(¢® +q+1);

) every point(line) has ¢ neighbours;

(7i1) every point (line) is incident with q(q + 1) lines (points);
)

given a point P and a line | with PII, there exist exactly q points on | which
are neighbours to P and exactly q lines through P which are neighbours to l.

Denote by 7 the natural homomorphism 7: R® — R3/R30. Tt induces a
mapping acting on the submodules of R? which is denoted again by m. For every
point X and every line [, we have

(X]={Y € Pln(Y) = n(X)}, [s] = {t € LI (t) = =(s)}.

Denote by P() (respectively L’(l)) the set of all neighbour classes of points (re-
spectively, neighbour classes of lines).

Theorem 2. The incidence structure (P(l),ﬁ(l),I(l)) with IV defined
by

[(X]IW [s] & 3X' € [X],35 € [s] : X'Ts

is isomorphic to the projective plane PG(2,q).

Let Il = (P, £,I) = PHG(RY,). Given a point P, denote by £(P) the set
of all lines of £ incident with points from [P]. For two lines s,t € £ we write
s ~ t if s and t coincide on [P]. Denote by £ a complete set of representatives
of the lines from L(P).

Theorem 3.

([P]vﬁlv I’[P}X,Cl) = AG(27 Q)

Let [ be a line in II. Define P by P = {sN[X]| | X I, s € L,sSI}U{Px}
and an incidence relation J C P x £ by

(sN[P))It <= tN(sN[P]) £ 0, (Po)It <= tPI.
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For two lines l1, s € L we write [1 ~ [ if they are incident under J with the same
elements of 3. Denote by £ a set of lines containing exactly one representative
from each equivalence class of £ under ~.

Theorem 4. The incidence structure (B,£,T |pxg) is isomorphic to
PG(2,q).

By AHG(gR?) we denote the (left) affine Hjelmslev plane over R, which
is obtained by deleting a neighbourhood class of lines from PHG(R%,).
A set of points B in AHG pR? is called a k-blocking set if

(i) [Bl =Fk;
(ii) |B N L| > 1 for every line L in AHG rR2.

A k-blocking set B is called reducible if there exists a k’-blocking set B’
with B’ C B. A blocking set that is not reducible is called irreducible.

3. Affine Blocking Sets in Small Planes. The problem of de-
termining the smallest size of a blocking set in AG(2,¢) has been solved by the
so-called polynomial method. It is known to be 2¢ — 1 where the upper bound is
trivial and the lower bound has been proved by various authors [1, 2, 6].

It is natural to ask about the smallest blocking set in an affine Hjelmlsev
plane. Unfortunately, the polynomial method does not work in the ring geome-
tries. A trivial upper bound on the smallest size of a blocking set in AHG (g R?) is
q(2qg — 1). It is obtained by taking two intersecting lines that are not neighbours
and deleting from the second one all its points in the common neighbour class
apart from the intersection point of both lines. In this section, we are going to
prove that this bound is sharp for the rings with 4, 9 and 16 elements.

We start with several important lemmas.

Lemma 1. Let B be a blocking set in the affine plane AHG(gR?) and
L be a line in this plane with |B N [L]| = ¢ + «, where 0 < a < g — 1. Then for
every neighbour class on points [x]:

IBNz]| <a or|BN[z]| >q.
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Proof. If [L] contains a point class, [z] say, with a < |[B N [z]| < ¢
then this point class has an empty segment with the direction of [L]. The ¢
lines through this segment cannot be blocked by the points outside [z] since their
number is less than ¢. O

The next two lemmas imply the bound if there exists a “large” line in the
affine plane.

Lemma 2. Let B be a blocking set in the affine plane AHG(rR?), |R| =
¢®. R/rad R = F,. If there exists a neighbour class of lines [L] with |BN[L]| > ¢*
then

B = q(2¢ — 1).

Proof. First assume that |[BN[L]| > ¢. Consider the factor plane which
is isomorphic to AG(2, g). There are ¢g—1 line classes parallel to [L] in this factor-
plane. Each line class in AHG(gR?) has itself the structre of a classical affine
plane and its points are contained in ¢ parallel neighbour lines from AHG(rR?).
Hence the points outside [L] are contained in ¢(q — 1) parallel lines. These lines
are not blocked by the points from [L]. Hence

|B| > ¢* +q(q — 1) = q(2¢ — 1).
Now assume that
2 2
¢ —q<[BNI[L][<q¢ -1

There exists a point class [z] € [L] with |[BN[x] < ¢. Hence [z] has an unblocked
line segment in each direction through [z]. The class [z] is incident with ¢ + 1
line classes in the factor plane. In each of the line classes through [z], different
from [L], there is a line segment in [z]. Hence we need at least g points to block
the lines in each line class through [z]. Therefore

1Bl > (¢*—q)+q-q=q(2¢ — 1). O

Let B be a blocking set in AHG(gR?). By Lemma 2 we can assume
without loss of generality that the number of points of B in each line class is
between ¢ and ¢* — ¢ — 1.
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Lemma 3. Let B be a blocking set in the affine plane AHG(rR?), |R| =
¢*. R/rad R = F,. Then for every line class [L]
|IBN[L]| > 2q—1— Xo,

where Ny is the number of empty point classes in [L].

Proof. Clearly, [L] has the structure of an affine plane. The points from
BN [L] block all lines in the affine plane defined on [L] except for the lines given
by the empty point classes in [L]. We can block these lines by ¢ points. Hence
|BN[L]| + Ao > 2¢ — 1 and the result follows. O

Let us note that by this lemma a line class without empty point classes
has a multiplicity of at least 2¢ — 1.

Theorem 5. Let R be a chain ring with |R| = 4, R/rad R = Fy. The
minimal size of a blocking set in AHG(gR?) is 6.

Proof. The result follows immediately from Lemma 1 and 2. O

Theorem 6. Let R be a chain ring with |R| =9, R/rad R = F3. The
minimal size of a blocking set in AHG(rR?) is 15.

Proof. Assume there exists a blocking set B of size 14. Without loss of
generality

(1) 3<|BN[L] <5.

Let [Lo] be a line class of multiplicity 5. There is a point [z] on [L] for which
|BN[x]] =0 or 1. Denote by [L1], [L2], [L3] the other three lines through [z]
in the factor plane. By Lemma 1, each line [L;], ¢ = 1,2,3, contains a point
[z;] € [L;] with |B N [x;]| = 3. But then we have

|B O ([z1], [22])] = 6,
a contradiction to (1). O
For the chain rings of size 16 we need two preparatory lemmas.

Lemma 4. Let R be a chain ring with |R| = 16, R/rad R = F4. Let B
be a blocking set in AHG(pR?) with |B| = 27. Then



On Blocking Sets in Affine Hjelmslev Planes 181

(7) there is no line class [Lo| with |B N [Lo]| = 11;

(73) there is no line class [Lo] with |B N [Lo]| = 10.

Proof. By Lemmas 1 and 2, we have
(2) 4<|BNIL] <11.

(i) Assume [Lo] is a line with |[BN[Lo]| = 11. Assume there exists a point
[z] € [Lo] with [BN[z]| < 1. If [L;], i = 1,...,4, are the other four lines through
[x], there exist points [z;] € [L;], i =1,...,4, with |[BN[x;]| = 4. No three of these
points are collinear; otherwise there is a line of multiplicity 12, a contradiction to
(2). Hence there is a point [y] € [Lo] such that the set {[z], [y], [z1],...,[r4]} is a
hyperoval. All points outside [Ly] different from [z;], i = 1,...,4, do not contain
points from B.

Now let [2] € [Lo] \ {[z],[y]}. We must have |B N [z]| > 4 since [z] lies
on an external line to the hyperoval. But then a secant [M] to the hyperoval
through [z] has |B N [M]| > 12, a contradiction.

Now let [z] € [Lo] be a class with [BN[z]| =2 and let [L;], i = 1,...,4,
be the other four lines through [z]. Since the lines [L;] are of type (4,2,0,0) or
(2,2,2,0), we have the following possibilities for the point classes outside [Lo]:

(A) four classes of four points and eight empty classes;

B) three classes of four OiDtS, two classes of two points and seven em ty
classes;

(C) two classes of four points, four classes of two points and six empty classes;
(D) one class of four points, six classes of two points and five empty classes;

(E) eight classes of two points and four empty classes.

Case (A) is ruled out by the argument above.

In case (B) let [L4] be of type (2,2,2,0) and let [L1],[L2], [L3] be of type
(4,2,0,0). If [21], [z2], [x3] are the point classes of multiplicity 4 then the lines
([z4], [x;]) must be incident with the empty class on [L4]. This is impossible.

In case (C) the three line classes parallel to [Lg] are of type (4,0,0,0),
(4,2,0,0) and (2,2,2,0). Now it is easy to check that there is a line of type
(2,2,0,0), a contradiction to Lemma 1.
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In case (D), it can be checked that the three line classes parallel to [Lo]
are of type (4,0,0,0) (one line) and (2,2,2,0) (two lines). Again, it is easily
checked that there is a line of type (2,2,0,0).

In case (E), there is a line class parallel to [Lg] which is of type (2,2,0,0),
a contradiction to Lemma 1.

(ii) Now let us assume that [Ly] is a line class with |[B N [Lg]| = 10. As
above, the line class [Lo] is not incident with point classes [z] with |B N [z]| < 1.
There cannot be two point classes outside [Ly] of multiplicity four since the line
incident with them is of type (4, 4,2, %), which is impossible.

Hence for the multiplicities of the line classes we have two possibilities:
(7,6,4) and (6,6, 5). Moreover a line class of multiplicity 6 has type (2, 2,2,0); the
other possibility would be (4,2,0,0) which would introduce a second point class
of multiplicity 4. In both cases there exist lines of type (2,2,1,0) or (2,2,0,0),
which is impossible. O

Lemma 5. Let R be a chain ring with |R| = 16, R/rad R = F4 and let
B be a blocking set in AHG(rR?) with |B| = 27. Then

(i) |BNz]| <4 for every neighbour class of points [x].

(#3) |BN[L]| > 6 for every neighbour class of lines [L]. Moreover, a class [L]
with |B N [L]| =6 is of type (2,2,2,0).

Proof. This result is obtained by easy counting. O

Theorem 7. Let R be a chain ring with |R| = 16, R/rad R = F4. The
minimal size of a blocking set in AHG(rR?) is 28.

Proof. Assume there exists a blocking set B of size 27 in AHG(rR?).
Denote by [Lo|, [L1], [L2], [L3], a quadruple of parallel lines in the factor plane.
Because of Lemmas 4 and 5, we have the following possibilities:

(A) (1B [Lol, |BO[L]], [B N [La]; [B N [Ls]]) = (9,6,6,6);
(B) (1B N [Loll; [BN[L4]],|B O [Le]|, [B N [L3]]) = (8,7,6,6);
(©) (BN [Loll, |BO[La]], [B N [La]l, [B N [Ls]]) = (7,7,7,6).
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(A) The line classes [L1], [L2] and [L3] are of type (2,2,2,0) by Lemma 5.
Further, the line class [Ly] cannot contain a point class of multiplicity > 4 since
this would enforce the existence of a line class of multiplicity > 10. On the other
hand [Lo] cannot have a point class of multiplicity < 1 since then there would
be line class of type (2,2,< 1,0), in contradiction to Lemma 5. Hence [Ly] is of
type (3,2,2,2), which implies the existence of a line class of multiplicity 4 or 5,
again a contradiction.

(B) Since there is no line class of multiplicity 9, we get by a straightforward
counting that |B N [z]| < 3 for every point class [z]. The line classes [Lg] and
[Ls] are of type (2,2,2,0) and hence the line class through the two zeros is of
multiplicity at most 6. But then it is of type (3,3,0,0), which is impossible.

(C) Now all line classes are of multiplicity 6 or 7. Moreover |B N [z] < 2
for every point class [z]. Now [Lg], [L1] and [Lo] are of type (2,2,2,1) while [L3]
is of type (2,2,2,0). Clearly, there exists a line class of type (2,2,2,2) which was
ruled out in (B). This completes the proof. O
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