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ABSTRACT. Let ng(k, d) denote the smallest value of n for which an [n, k, d]4
code exists for given integers k and d with £ > 3,1 < d < ¢*~! and a prime
or a prime power ¢q. The purpose of this note is to show that there exists a

series of the functions hg 4, haq, . .., hg,q such that ng(k, d) can be expressed
as ng(k,d) = X_: [d/q'] + Xk: hjq(€k—j,€k—j41,...,ex—2) for some ordered
(k — 1)-tuple (Lezoo, e, .., e:j) with 0 < eg,e1,...,er_o < q — 1 satisfying
d=q¢~1 - kX_:Q eiq’.

i=0

1. Introduction. Let Fy denote the vector space of n-tuples over F,,
the field of ¢ elements, where n is an integer > 4 and ¢ is a prime or a prime power.
A g-ary linear code C of length n and dimension k, called an [n, k], code, is a
k-dimensional subspace of Fy, where n > k > 3. An [n, k], code C with minimum
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Hamming distance d is referred to as an [n, k,d], code. Let G = [g1, g3, - ,g.]
be a k X n generator matrix of an [n, k,d|, code C with g,,--- ,g,, € IF";, where g7
denotes the transpose of the vector g. If there is no zero vector in {g, - ,9,},

an [n,k,d), code C is called a nontrivial code. A fundamental problem in coding
theory is to solve the following problem.

Problem 1. Find the smallest value of n, denoted by ngy(k,d), for which
an [n, k,d], code exists for given integers q,k,d.

An [n, k,d], code is called optimal if n = ny(k,d). There is a lower bound
on ng(k,d) called the Griesmer bound [2], [5]:
7|
¢ |’

where [x] denotes the smallest integer greater than or equal to z. A [g4(k,d), k,d],
code is called a Griesmer code. In this note, we consider the case k > 3, ¢ > 3
and 1 < d < ¢*!. In this case, d and g,(k,d) can be expressed as follows:

—

ng(k,d) > gq(k,d) :=
=0

k—2
(1.1) d = ¢'=) ed,
=0
k—2
(1.2) gq(k,d) = (9]{,1—261‘(91‘
=0

using some ordered (k — 1)-tuple (eg, e1,...,ex_2) in E(k,q), where E(k, q) is the
set of all ordered (k — 1)-tuple (eg,eq,...,ex_2) such that 0 < e; < ¢ —1 and
0; = (¢ —1)/(q — 1) for 0 < i < k — 2. In the special case k = 3, d can be
expressed as follows:

d=q*— (eo + e19).

Note that (1.2) shows that g,(k,d) is a function of k, eg, €1, ..., e,—2 and q. Now,

we define the Hamada’s function hy 4(eg, €1, ..., ex—2) for k > 3 as follows:
(13) h3,q(605 61) = nq(?” d) - 9(1(3’ d)’
(14) hk,q(GO’el,”’ aek‘—2) = ’I’Zq(k,d) — Yq k:)d)
k—1
- hj,q(ekfjaekfjJrlv o, ep—2)
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for k > 4, where d is uniquely determined from k, ¢ and (eg,e1,...,€x_2) €
E(k,q) by (1.1).

Theorem 1.1 For given q > 3, k > 3 and for any (ep,e1, -+ ,€x_2) €
E(k,q),
(1.5) hiqg(eo,e1, - ex—2) >0

holds and ng(k,d) for d satisfying (1.1) can be expressed as

k
(1.6) ng(k,d) = gg(k,d) + > hjgler—j, ex—ji1, - er2).
=3

Remark 1.2. The formula (1.6), called the Hamada’s formula, shows
that there exists a series of Hamada’s functions hgg, h4yq,. .., such that
ng(k,d) can be expressed as (1.6), where hj, = hjq(€r—j,ex—js1,-..,€x-2).
Hence Problem 1 for 1 < d < ¢*~! is equivalent to the following problem.

Problem 2. Find the Hamada’s function hyq = hyq(eo, €1, ,ex—2)
such that ng(k,d) can be expressed as (1.6) for given integers k > 3 and q > 3.

*)

Example 1.3 [cf. Appendix]. For ¢ =3 and 3 <k <5, h3(eo,eq,..
ek—2) is given by

(1) hgs(eo,e1, -+ ,ex—2) =0 or 1 for all (eg,e1,--- ,ex—2) € E(k,3),
(2) hss(ep,e1) =1 if and only if (ep,e1) = (0,2),

(3) has(ep,e1,e2) = 1 if and only if (eo,e1,e2) € {(0,2,2),(2,1,1),(1,1,1),
(0,1,1)},

(4) hss(eo,er,e2,e3) = 1 if and only if (60,61,62,63) € {(0,2,2,2), (2,1,1,2),
(1,1,1,2), (0,1,1,2), (2,0,1,2), (1,0,1,2), (0,0,1,2), (2,0,0,2), (1,0,0,2),
(0,0,0,2), (1,1,2, 1), (0,1,2,1), (2,2,0,1), (1,2,0,1), (0,2,0,1), (2,1,0,1),
(1,1,0,1), (0,1,0,1), (2,0,2,0), (1,0,2,0), (0,0,2,0)}.

Example 1.4. In the case ¢ =4 and 3 < k <4, hy (e, €1, ,€p—2) is
given by

(1) hgaleo,e1, -+ ,ex—2) =0 or 1 for all (ep,e1,--- ,ex—2) € E(k,4),
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(2) hsaleo,e1) =1 if and only if (eg,e1) € {(1,2),(0,2)},

(3) h474(60’61)62) =1 Zf and Only Zf (60561562) € {(1’353)7 (053’3)7 (1’ 53)
(0,2,3), (3,0,3), (2,0,3), (1,0,3), (0,0,3), (1,2,2), (0,2,2), (3,2,1),
(2,2,1), (1,2,1), (0,2,1), (3,1,1), (2,1,1), (1,1,1), (0,1,1)}.

Example 1.5. In the case ¢ =5 and 3 < k <4, hy5(ep, €1, ,ex—2) is
given by

(]—) hk,5(€05615 T )ek—Q) =0orl fOT all (60’61)' o aek‘—2) € E(k) 5)}

(2) h375(60,61) = 1 if and only if (Ganl) € {(0’4)’(1’3)’(0’3)’(2’2)’(1’2)a
(0,2)},

(3) h475(60,61,62) = 11if (60 61562) {( .4, )7 (0’4’4)7 (1’3’4)7 (0’3a4)7
(3,2,4) 4), (1,2,4) (0, 2,4), (0,0,4), (4,3,3), (3,3,3), (2,3,3),
(1,3,3), ( 3,3), (4,2,3), ( ,3), (2,2,3), (1,2,3), (0,2,3), (2,3,1),
(1,3, 1), 1), (4,2, 1), 3,2, 1) (2,2, 1), (1,2, 1), (0,2, 1), (4,1,1),
(3,1, 1),(2 1, 1), (1,1,1), (0,1, 1)},

(4) has(eo,er,e2) =0 or 1l for (eg,e1,e2) € {(4,3,1), (3,3,1)} (still unknown).

Remark 1.6. (1) n3(6,d) for 1 < d < 243 is not determined for 74 values
of d (hence hg 3(eg, €1, €2, €3, €4) is unknown for the 74 cases), see [4].
(2) It is known that hg 3(ep,0,1,2,2) = 2 for eg = 0, 1, 2 since n3(6,d) = g3(6,d)+
2 for d = 16,17,18 and since n3(5,6) = ¢3(5,6). Thus, hy 3(eg, €1, ,ex—2) > 2
could happen for k > 6.
(3) hs 4 can be determined from the results on (n,r)-arcs in PG(2, ¢) since (n,n—
d)-arcs and projective [n,3,d], codes are equivalent objects (recall that Griesmer
[n,k,d], codes with d < ¢*~! are projective), see [1]. For example, h3 ,(0,2) = 1
holds for ¢ > 3 from the nonexistence of (¢> — g —1,q — 1)-arcs and the existence
of (¢* — q,q)-arcs in PG(2,q). But to find the largest n for which an (n,r)-arc
exists in PG(2, q) for given r is a quite difficult problem in general, see [3].

Proof of Theorem 1.1.

Lemma 2.1. For an [n,k,d|; code, it holds that n > g4(k,d) + t if
ng(k—1,d") = gq(k —1,d’) +t for some integer t, where d' = [d/q]
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Proof. Let C be an [n, k, d], code with d’ = [d/q], and let C’ be a residual
[n—d,k —1,d]q code. From the assumption, we get
(2.1) n—d>ngk—1,d)=g,k—1,d)+t.

Since d’' = [d/q] > d/q, it holds that d’/q' > d/q""!, so we have

k—2 k—1
—1.d) = Z(d’/q > 3 fd/a) = 3"

Hence, from (2.1), we get

k—1
n—dZZ[d/qi] +t, ie, n> gy(k,d) +t. O
=1

Remark 2.2. If d is an integer given by (1.1), then

k—2

(2.2) d=q"7= eq .

=1

Proof of Theorem 1.1. Since ny(k,d) > g4(k,d), it is obvious from
(1.3) that hs3 4(eg,e1) > 0. Hence (1.5) holds in the case and

ng(3,d) = g4(3,d) + hz 4(eq, 1) for d = ¢* — (eg + e1q).
In the case k = 4, ny(3,d’) for
(2.3) d=¢q>—(eg +e1q+exq?), d =1[d/q] =q*— (e1 + e2q)
is expressed as
(2.4 13 @) = gy(3, @) + haglen, )
Hence it follows from (2.3), (2.4) and Lemma 2.1 that

ng(4,d) > g4(4,d) + hg4(e1,e2), ie., haq(ep,er,ez) > 0.

In the case k > 5, we shall prove (1.5) using induction on k. In this case, d and
d' can be expressed as (1.1) and (2.2), respectively. Since

k—1
ng(k —1,d) = gg(k = 1,d") + > hjglen_j, ek—ji1s- - €r—2);
j=3
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it follows from Lemma 2.1 that the following inequality holds:

k—1
’I’Zq(k,d) > gq(k’d) +Zhj,q(6k—jaek‘—j+1)°”aek‘—2))
j=3
i.e., hk,q(GOa €Cl,y... ,ek_g) > 0. |

Appendix. Tables of the values of d, e = epe1 -+ ex_o, g = g3(k,d),
n =ng(k,d) and hj = hj3(ex—j, er—jr1, - ,ex—2) for 3 < j <k, for k = 3,4,5.

Table 1. The values of g5(3,d), n3(3,d) and hs for 1 <d <9

d e g n hs
1 22 3 3 0
2 12 4 4 0
3 02 5 6 1
4 21 7 7 0
5 11 8 8 0
6 01 9 9 0
7 20 11 11 O
8§ 10 12 12 0
9 00 13 13 0

Table 2. The values of g3(4,d), n3(4,d) and hsz, hy for 1 < d <27

d e g n hsy hg| d e g n hsy hg| d e g n hy hy
1 222 4 4 0 010 221 17 17 O O |19 220 30 30 O O
2 122 5 5 0 0|11 121 18 18 0O 0 |20 120 31 31 O O
3 02 6 7 0 1]12 021 19 19 0 0|21 020 32 32 0 O
4 212 8 8 0 0|13 211 21 22 0 1|22 210 34 34 0 O
5 112 9 9 0 0 |14 111 22 23 0 1|23 110 35 35 0 O
6 012 10 10 0 0 |15 011 23 24 O 1 |24 010 36 36 0 O
7T 202 12 13 1 0|16 201 25 25 0O O [25 200 38 38 0 O
8§ 102 13 14 1 0 |17 201 26 26 O O |26 100 39 39 0 O
9 002 14 15 1 0|18 201 27 27 O O |27 000 40 40 O O
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Table 3. The values of g3(5,d), n3(5,d) and hs, hy, hs for 1 < d <81

d (& g n h3 h4 h5 d [ g n h3 h4 h5
1 2222 5 ) 0 0 0 | 43 2011 66 67 0 1 0
2 1222 6 6 0 0 0 | 44 1011 67 68 0 1 0
3 0222 7 8 0 0 1 |45 0011 68 69 0 1 0
4 2122 9 9 0 0 0 | 46 2201 71 72 0 0 1
5 1122 10 10 O 0 0 | 47 1201 72 73 0 0 1
6 0122 11 11 O 0 0 | 48 0201 73 74 0 0 1
7 2022 13 14 O 1 0 |49 2101 75 76 0 0 1
8§ 1022 14 15 O 1 0 | 50 1101 76 70 0 1
9 0022 15 16 O 1 0 | 51 0101 77 78 0 0 1
10 2212 18 18 O O O (52 2001 79 79 0 0 O
11 1212 19 19 O 0 0 | 53 1001 80 80 0 0 0
12 0212 20 20 O 0 0 | 54 0001 81 81 0 0 0
13 2112 22 23 0 O 115 2220 8 8 0 0 O
14 1112 23 24 0 O 1156 1220 8 86 0 0 O
15 0112 24 25 O 0 1 |57 0220 8 87 0 0 0
16 2012 26 27 0O O 1158 2120 8 8 0 0 O
17 1012 27 28 0 O 1159 1120 90 90 0 0 O
18 0012 28 29 0O O 1 ]60 0120 91 91 0o 0 O
19 2202 31 32 1 0 0|61 2020 93 94 0 O 1
20 1202 32 33 1 0 0 |62 1020 94 95 0 O 1
21 0202 33 34 1 0 0|63 0020 9 96 0 O 1
22 2102 35 36 1 0 064 2210 98 98 0O O O
23 1102 36 37 1 0 065 1210 99 99 0 0 O
24 0102 37 38 1 0 0|66 0210 100 100 0 O O
25 2002 39 41 1 0 1 )67 2110 102 102 O O O
26 1002 40 42 1 0 1 ]68 1110 103 103 0 O O
27 0002 41 43 1 0 1169 0110 104 104 0 O O
28 2221 45 45 O 0 0 | 70 2010 106 106 O 0 0
29 1221 46 46 O O O |71 1010 107 107 O O O
30 0221 4v 47 O O 0 |72 0010 108 108 O O O
31 2121 49 49 O 0 0 | 73 2200 111 111 O 0 0
32 1121 50 51 O 0 1 |74 1200 112 112 O 0 0
33 0121 51 52 0 O 1 ]7 0200 113 113 0 0 O
34 2021 53 53 0 0 0 | 76 2100 115 115 O 0 0
35 1021 54 54 O 0 0 |77 1100 116 116 O 0 0
36 0021 55 55 O 0 0 | 78 0100 117 117 O 0 0
37 2211 58 59 O 1 0 |79 2000 119 119 O 0 0
38 1211 59 60 O 1 0 | 80 1000 120 120 O 0 0
39 0211 60 61 O 1 0 | 8 0000 121 121 O 0 0
40 2111 62 63 O 1 0

41 1111 63 64 O 1 0

42 0111 64 65 O 1 0

205



206 Noboru Hamada, Tatsuya Maruta

REFERENCES

[1] BALL S. Table of bounds on three dimensional linear codes or (n,r) arcs in
PG(2,q). http://www-ma4.upc.es/ simeon/codebounds.html

[2] GRIESMER J. H. A bound for error-correcting codes. IBM J. Res. Develop.,
4 (1960), 532-542.

[3] HIRsCHFELD J. W. P.; L. STORME. The packing problem in statistics,
coding theory and finite projective spaces. In: Finite Geometries, Proc. of
the Fourth Isle of Thorns Conference, Kluwer, 2001(Eds A. Blokhuis et al.),
201-246.

[4] MARUTA T. Griesmer bound for linear codes over finite fields.
http://www.geocities. jp/mars39geo/griesmer.htm.

[5] SoLOMON G., J. J. STIFFLER. Algebraically punctured cyclic codes. Inform.
Control, 8 (1965), 170-179.

Noboru Hamada
Emeritus Professor at Osaka Women'’s University
e-mail: n-hamada@koala.odn.ne.jp

Tatsuya Maruta

Department of Mathematics and Information Sciences

Osaka Prefecture University

Sakai, Osaka 599-8531, Japan Received March 11, 2011
e-mail: maruta@mi.s.osakafu-u.ac.jp Final Accepted June 2, 2011



