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ABSTRACT. The eccentric connectivity index of a graph G, £¢, was proposed
by Sharma, Goswami and Madan. It is defined as ¢C(G) =
> uev(c) dega(u)ec(u), where degg(u) denotes the degree of the vertex x
in G and eg(u) = Maz{d(u,z) | = € V(G)}. The eccentric connectivity
polynomial is a polynomial version of this topological index. In this pa-
per, exact formulas for the eccentric connectivity polynomial of Cartesian
product, symmetric difference, disjunction and join of graphs are presented.

1. Introduction. Throughout this paper all graphs are assumed to be
simple, finite and connected. A function Top from the class of connected graphs
into real numbers with the property that Top(G) = Top(H) whenever G and
H are isomorphic is known as a topological index in the chemical literature;
see [11]. There are many examples of such functions, especially those based on
distances, which are applicable in chemistry. The Wiener index [19], defined as
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the sum of all distances between pairs of vertices in a graph, is probably the first
and most studied such graph invariant, both from a theoretical and a practical
point of view. If we define the distance d(z,y) between vertices x and y of a
graph G as the length of a minimum path connecting them then it is possible
to redefine the Wiener index as W(G) = > 1, vcv (o) d(@,y). The topological
indices which are definable by distance function d(—, —) are called a distance-
based topological index.

The eccentric connectivity index of a graph G, £©, is a new distance-based
topological index which was proposed by Sharma, Goswami and Madan [13].
We encourage to interested readers to consult papers [1 — 4,6 — 8, 14,16, 17] for
chemical meaning and [12, 21] for mathematical properties of this new topological
index.

A graph can be characterized by a number, by a matrix or by a poly-
nomial. The characterization of graphs by a single topological index is usually
impossible. For example, it is possible to find infinite pairs of graphs with the
same Wiener index. It is an open question to find a topological index characteriz-
ing graphs. On the other hand, it is possible to characterize graphs by matrices.
A well-known example of such matrices is an adjacency matrix. But the charac-
terization of graphs by polynomials is a new branch of research in modern graph
theory. This paper is an attempt in this line. We refer the interested readers to
[5, 15, 20] for more information on this topic.

Throughout this paper our notation is standard and taken mainly from
[13, 18].

2. Definitions. In this section we present the main concepts of the
paper. We begin by eccentric connectivity index. It is defined as §C(G) =
> uev(c) dega(weg(u), where dege(u) denotes the degree of the vertex u in G
and £g(u) is the largest distance between u and any other vertex v of G. The
quantity g (u) is usually named the eccentricity of vertex u in G. The minimum
and maximum of eccentricity among vertices of G are called the radius and
diameter of G, respectively.

The eccentric connectivity and total eccentricity polynomials of G
are defined as Z(G, ) = >_ cv () degaq(u)z*¢™ and ©(G, z) = D ouev(G) zee(w)
respectively. It is easy to see that the eccentric connectivity index and the total
eccentricity of a graph can be obtained from the corresponding polynomials by
evaluating their first derivatives at z = 1.
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A vertex u € V(G) is called well-connected if e¢(u) = 1, ie., if it is
adjacent to all other vertices in G. We denote the number of well-connected
vertices in G by w(G). Define Ng(u) = {v € V(G) : uwv € E(G)}, where u is a
fixed vertex of G. Then the modified eccentric connectivity polynomial of
G is defined as o (G, @) = D cv () §(u)z¢™ | where §(v) = > ueNg () deg(u).
Then the modified eccentric connectivity index {c(G) = > ,cv () d(w)ea (v)
is the first derivative of {(G, ) evaluated at x = 1.

3. Main results.

In this section we first compute the eccentric and modified eccentric con-
nectivity polynomials of some well known graphs that will serve as basic building
blocks in the considered composite graphs. We begin by introducing the first
Zagreb index. The first Zagreb index was introduced more than forty years
ago by Gutman and Trinajesti¢ [9]. We recommend [10] for the success history
of this topological index. It is defined as M1(G) = 3 ,cy (q) deg(u)?.

Example 1. Let K, be the complete graph on n vertices. Then for
every v € V(K,), 6(v) = (n —1)? and e(v) = 1. This implies that éo(Kp;x) =
n(n —1)%x, 2(K,;z) = n(n — 1)z and O(K,,;r) = nz.

Example 2. Let C, denote the cycle of length n. Then for each vertex
vof G, §(v) =4 and e(v) = [§]. Hence, {c(Ch;x) = anzlz) 2(Cp; ) = 2n2l2)
and ©(Cy; x) = nxlzl,

Example 3. Let S,, = K, be the star graph with n + 1 vertices. Then
the central vertex v has degree n, §(v) = n and eccentricity 1, while the remaining
n vertices have degree 1 and eccentricity 2 and for all vertices d(v) = n . Hence
Ec(Sn;x) = n?2? + nx, 2(Sp;2) = nz(z + 1) and O(S,;7) = z(z + n).

Example 4. A wheel W), is a graph of order n+ 1 which contains a cycle
on n vertices and a central vertex connected to each vertex of the cycle. Again, the
central vertex v has degree n, 6(v) = 3n and eccentricity 1, while the peripheral
vertices u have degree 3, 6(v) = n + 6 and eccentricity 2. So, {o(Wyz) =
(n?2+6n)2?+3nx, Z(S,;x) = nx(r+1) and its eccentric connectivity polynomial
is given by Z(W,; z) = nz(3z + 1), while the total eccentricity polynomial is the
same as for S,.
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Example 5. Consider a complete n-partite graph M, m,-..m, containing
v = |V(G)| vertices. By definition, the vertex set V(G) of this graph can be
partitioned into subsets Vi, Vo, -+, V,, of V such that for every 1 <+ < n there is
no edge between the vertices of V;. If none of V; is a single vertex, then by direct
calculation one can see that:

[1]

(Moymy-mn; @) = 2 Zmimj 2
i#]

and
Eo(Mmymy-ma; ) = [ D mi Y my|V(G) —myl | 2*.
i=1  k=1k#i

If some of the classes are singletons, the above expression must be modified by
adding an appropriate linear term. This illustrates the problems arising when a
graph contains well-connected vertices.

Example 6. Let P, be the path on n vertices (n > 4). Then

_ pln/2]—1
E(Pyyz) = 4" 4 62 4 g2l L + 4gln/2] [n odd],
-
_ ln/2]-1
E(Pyz) = 22" 442/ 11567 + 222 [ odd],
—z

o 1= /2]

Ln/2)
T +x [n odd].

O(Py;z) = 2z

Here the square brackets on the right-hand side evaluate to 1 if the en-
closed logical expression is true, and to 0 otherwise.

Lemma 1. Let G be a graph then Mi(G) =3, cv () 0(u).

Proof. By using the definition one can see that:

Mi(G)= Y degw)= > > degv)= > 6(u). O
)

ueV(Q) u€V(G) vENg(u) ueV (G

3.1. Cartesian product. For given graphs G; and G» their Cartesian
product G10G; is defined as the graph on the vertex set V(G1) x V(G2), and
vertices u = (u1, uz) and v = (v1,v9) of V(G1)xV(G2) are connected by an edge if
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and only if either ([u; = vy and ugve € E(Ga)]) or (Juz = ve and uyv; € E(Gh)]).
It is a well-known fact that the Cartesian product of graphs is commutative and
associative up to isomorphism, see [13] for details. To simplify our argument we
write below deg(u,v) as deg((u,v)) and §(u,v) as 6((u,v)).

By a classical result in metric graph theory [13], the distance between
two vertices in G10Gy is given by dg,0a, (4, v) = dg, (u1,v1) +da, (u2, v2), where
u = (u1,u2) and v = (v1,ve). The degree of a vertex (uy,us) of G10G3 is the sum
of the degrees of its projections to the respective components, dg,Og, (U1, u2) =
dc,y (u1) + 0, (u2). The eccentricity of a vertex (up,uz2) of G10G3 is obtained in
the same way.

Lemma 2. Ifu; € G;,i=1,2, then

dciOa, (U1, u2) = dg, (u1) + da, (u2) + 2dega, (u1)dega, (uz).

Proof. Applying an argument similar to Lemma 1, we have:

6G1DG2 (ul’ UQ) = Z degG1DG2 (a’ u2) + Z degG1DG2 (ul’ b)
a€Ng, (u1) beNg, (u2)
= > (dega (a) + degas, (uz))
aeNGl (ul)
+ > (dega, (ur) + dega, (b))
bENG2 (u2)
= 0¢, (u1) + dc, (u2) + 2degq, (u1)dege, (u2). O

The Cartesian product of more than two graphs is defined inductively,
G1|:| PN DGS == (G1|:| PN DGsfl)DGs. We denote G1|:|G2|:| PN DGS by Hle Gz
If Gy =Gy =--- = G5 = G, we have the s-th Cartesian power of G and denote
it by G®.

Corollary 3. Ifu; € G;,1 <i <k, then

k

5H§:1Gi(u1,u2,---,uk) Z (ug) +Zdegg (vi) Z dega; (vj)-

i=1 j=1,j#i

Proof. Induct on k. O
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S
Lemma 4. Let G = HGZ- and u; € G;,1 <1i<s. Then
i=1

ea((ur,uz, -+ ,u)) = Y e ().
=1

In the following theorem the relationship between the eccentric and mod-
ified eccentric polynomials are investigated.

Theorem 5. Suppose G;,1 <1i <k, are a connected graph. Then

S

k
co([[ Gin) =D (€o(Gi, ) H O(Gj;x)
=1

i=1 j=1,j#i
k
+2 Z 2(Gsx)2(Gy; ) H O(Gj; )
1<i<j<k r=1,r#1i,j

k
Proof. Let G = HGi' By definition, we have:
i=1
(G @)
_ Z Sc(ur, ug, - - 7uk)xﬁc(ul,112,--'ﬂuc)
(u1,ug, - ,uk)€G
>
ea, (u
= Z Zég (u;) + Zdegg (v) Z degG v ) pi=1
k

(u1,uz, - uE)€G \ i= 1 J=1g#i
k

=Y (6o(Gi, ) H O(Gj; ) +2 Z (Gi;2)E(Gy; ) 0(Gj; ).
=1

J=1j#1 1<i<j<k r=1,r#i,j

Corollary 6. Let G and H be connected graphs, then

{c(GOH;2) = (G 2)0(H;2) + o (H;2)0(Gs ) + 25(G;2)E(H; ).
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Corollary 7.
§0(GFm) = kO(G;2)" 2 (60(G;2)O(G; 1) + (k — 1)E(G; 2)?) .

Example 7. A Hamming graph H,, ... ,, is defined as Hy, .., =
[ Ky,, where ny,---,n, are positive integers. It can be easily seen that
E(Kn;;7) = ni(n; — D, éc(Kp,;7) = ni(n; — 1)%z and O(K,,; ) = n;z. Then,

k k
§o(Hny oomiw) = ([ |2 D2 (=D =)+ > (mi—1) | 2",
i=1 1<i<j<k i=1
For ny = ny = -+ = ngy = 2 we obtain the s-dimensional hypercube Qg; its

eccentric connectivity polynomial is given by £0(Qs; 7) = s2252°.

Example 8. A cylinder covered by squares is called a C4-nanotube
and a torus covered by squares is called a Cy-nanotorus. The names are taken
from physics literature, because these are the molecular graphs of nanotubes and
nanotori, respectively. Here, a molecular graph is a graph in which atoms are
vertices and bonds determine the set of edges of the graph. By a well-known
fact in chemistry, the maximum degree in such a graph is four which is related
to carbon atoms. So, a molecular graph is a graph in which the degree of each
vertex is at most four.

The Cy-nanotubes and nanotori arise as Cartesian products of paths and
cycles and of two cycles, respectively. By using the results of Examples 2 and 6
and combining them with Theorem 5 we obtain the following explicit formulas
for Cy-nanotubes and Cy-nanotori. We denote R = P,[1C,, and S = C,0C,,
and assume k,m > 3 and n > 4. Then,

[ 2m (2(330“”/21 + 22?[”/21)) " (7:6[7”/21 + 2:6[”/2]) "2 2|n
n—3 )
i=|n/2]
{o(R,x) =
2m (536“”/21 + 4z ("/2]) x4 (7x(m/2] + 8x("/21) a2 2 fn

+8 (x(m/ﬂ —|—:cf”/21) < nig x4+ %x(”/ﬂ)
i=n/2]

and £c(8, z) = 16kmalm/2+1k/2]
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3.2. Symmetric difference and disjunction. The symmetric differ-
ence G1®Gs of two graphs G and G is the graph with vertex set V/(G1)xV (G2)
in which (ug,us2) is adjacent with (vy,ve) whenever u; is adjacent with v in G4
or ue is adjacent with vy in Gg, but not both. It follows from the definition that
the degree of a vertex (up,us) of G1 @ Gy is given by

dega oG, ((u1,u2))
= |V(G2)|dega, (u1) + |V (G1)|dega, (u2) — 2dega, (u1)dega, (uz).

The disjunction G; V G2 of two graphs GG; and G is the graph with
vertex set V(G1) x V(G2) in which (uq,u9) is adjacent with (v, ve) whenever u;
is adjacent with vy in GGy or use is adjacent with vy in G3. Obviously, the degree
of a vertex (u1,u2) of Gy V Gy is given by the following equations:

degava, ((u1,uz)) = [V(Ge)ldega, (u1)+|V(G1)|dega, (uz2) —dega, (u1)dega, (uz).
The distance between any two vertices of a disjunction or a symmetric
difference cannot exceed 2. If none of the components contains well-connected
vertices, the eccentricity of all vertices is constant and equal to 2.
Lemma 8. Ifu; € G;i(i = 1,2), then,
Scivay (ut,us) = (|V(Go)l* = 2| B(Ga)|) dc, + (IV(G1)* = 2|B(Gh)]) da,
+ 2(IV(GDIE(G2)|dega, (u1) + [V(G2) || E(G2)|dega, (uz)
— V(G2)lda, (u1)dega, (u2) — [V (G1)|da, (u2)dega, (u1)

+ b (u1)6G2 (u2)) .

Scnaas(u,ug) = (IV(Ga)? = 2|E(Ga)|) da, + (IV(G1)I? = 2|E(Gh)]) da,
+2 ([V(G1)||E(Ge)|dege, (w1) + [V (Go)||E(G2)|dega, (uz2)

—2|V(G2)|dc, (u1)dege, (uz) — 2|V (G1)|dc, (u2)dega, (u1)
+ 266, (u1)da, (u2)) + (|V(G1) ] = 2|E(GY)]) dc,-



The Eccentric Connectivity Polynomial of Some Graph Operations 109

Proof. By the formula given above, we have:

Saven(urup) = Y Y degayva,((a,v))

aE]VG1 (ul) veV (G2)

+ Z Z dega,va, ((u,b))

beENG, (u2) ueV(G1)

=YY deananl(@b)

a€EN(G1)(u1) bEN(G2)(u2)

— Y Y V(Gldege (@)

a€Ng, (u1) veV (G2)
+V(G1)ldega, (v) — dega, (a)dega, (v)]

+ ) Y. IV(Ga)ldegs, (w) + |V (Gh)ldega, (b)]
uGV(Gl) bEN(GQ)(uQ)

—dega, (u)degGQ (b)

- Y > [V(Gy)ldege, (a)

aGNGl (ul) bEN(Gg)(ug)

+[V(G1)ldega, (b) — dega, (a)dega, (b)

= (IV(G2)]” = 2|E(G2)]) 6c, + (IV(G1)I* = 21 B(GY)]) dc,
+2([V(G)IIE(G2)ldega, (u1) + (IV(G2)[|[E(G1)ldega, (uz))
—[V(G2)l0c, (u1)dege, (u2) — (|V(G1)|dc, (u2)

—0G, (u1)5G2 (u2)7
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5G1€9G2(u17u2) = Z Z degG1\/G2((uvb))

a€Ng, (u1) veV(G2)

-2y > dega,ve,((a,b))

aENGl (Ul) bGNG2 (u2)

— Y Y V(Gldege (a)

a€Ng, (u1) veV(G2)
"HV(Gl)‘degCh (’U) - degGl (a)degG2 (U)]

+ Y > (IV(Ga)ldega, (u) + [V(Gh)ldega, (b)
u€V(G1) bENg, (u2)

—dega, (u)dege, (b)]

2 Y Y ([V(G)ldeg (a)

6€NG, (u1) beNG, (u2)
+|V(G1)ldegg, (b) — dega, (a)dega, (b)]

= (V(G2)]* = 2|E(G2)]) dc, + (IV(G2)* = 2|E(G1)]) da,
+2([V(G1)IE(Ga)dega, (u1) + [V (Go)||E(G)|dega, (u2))
—2|V(G2)da, (u1)dega, (uz) — 2|V (G1)|da, (uz)dega, (u1)

—1-25@1 (u1)5G2 ('U,2) O

Lemma 9. Let G1 and Gy be two graphs without well-connected vertices.
Then

6G1\/G2((u’v)) = 5G1@G2((u’v)) =2.

Proof. Let (u,v) be an arbitrary vertex of V(G V G2). We know that
its eccentricity cannot exceed two. It remains to show that it cannot be equal to
one. But this would mean that the vertex (u,v) is well-connected in V(G1 V G3),
and this is impossible, since a vertex of G V G is well-connected if and only if
both of its projections are well-connected in their respective components. Hence,
eGyva, ((u,v)) = 2 for all vertices (u,v). The same argument can be applied for
Gid Gy O
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Theorem 10. Let Gy and Gy be two graphs without well-connected
vertices. Then

§c(GrV Ga,x) (IV(G2)]? — 4|E(G2)) [V(G2)|) M1(G1)

(IV(G1)PP = 41E(G1)) [V(G1)|) M1(Ga) + M1(G1)M1(Gs)

+ o+

8|V (G = DIIV(G2)||E(G)IIE(G2)] )2?

£c(G1 @ Go, ) ((IV(G2)]? = 6|E(G2)) |V (G2)|) M1(G1)

(IV(G)]? = 6|E(G1)) [V (G1)]) M1(Ga) + 2M1(G1) My (Gy)

_l’_

+ 8[V(G = DIIV(Go)|[E(G1)||E(Ga)| ) +*.

Proof. Applying Lemma 9, we have:

§€(GLV Ga,m) = Y bavas((ur, ug))aorvea(lm)

(u1,u2)

+ Y (V(G)|IE(Gy)|dege, ()

(u1,u2)

HV(Ga)l| E(G1)ldeges, (u2)))2?

+ Y (=IV(G2)l0c, (u1)dega, (us)

(u1,u2)

—|V(G1)[66, (uz)dege, (u1) + dc, (u1)da, (uz))x?
= ((IV(G2)P? = 6|E(G2)) |V(Ga)[) M1 (Gh)
+ (([V(G1)P? = 6|E(G1)) |V (G1)|) M1(G2) + 2M:1(G1)M:(G2)

+8|V (G — 1)||V(G2) || E(G1)||E(G2)| ).
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o(GraGar) = Y daec((u,ug))arec ()

(u17u2)

= Y ((IV(Go)P? = 2|E(G2)]) 65, (w)

(u1,u2)

(’V(Gﬂ’z — 2‘E Gl)’(SGQ (UQ)) 1‘2
+ Y QUV(G)IIE(G)ldege, (w)

(u1,u2)
+HV(G2)[|E(G1)ldeges (ua))) 2
+ Y (=2[V(G2)[dc, (ur)dega, (us)

(u17u2)

+V(G1)|6¢, (u2)dega, (u1) + b, (u1)dg, (uz)) 2
[(IV(G2)]? = 6|E(G2)) [V (G2)]) M1(Gr)
+ ((IV(G1)P? = 6|E(G1)) [V (G1)]) M1(Ga)

1)

+2M,(G1) M1 (Ga) + 8|V (G — 1)|[V(G2)||E(G1)| | E(G2)| ]2

O

3.3. Join. The join G = G1 + G2 of graphs G and G2 with disjoint
vertex sets V7 and V5 and edge sets E; and Fs is the graph with vertex set
V(G1) UV (G2) and edge set E(G1) U E(Gy) U{zy | z € V(G1) & y € V(Ga)}.
The definition can be generalized to the case of s > 3 graphs in a straightforward
manner.

The following result is a direct consequence of the definition of join.

Lemma 11. If none of G;, i = 1, 2, contains well-connected vertices,
then for every u € V(G1 + G2) we have e, +g,(u) = 2.

Lemma 12. Let G;, i = 1,2 be graphs. Then

0, (u) + dega, (w)[V (Go)| + [V(G)|[V(G2)| + 2| E(G2)]

u € V(Gl)
0G; (u) + dega, (w)|V (G1)| + [V(G)[|V (G2)| + 2| E(G1))

u € V(Gg)

5G1+G2 =
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Proof. If u € V(Gy), then we have

5G1 +G2 (u) -

Z degG1+G2 Z degGl +G2

a€Ng, (u) beVe,
> (dega, (@) + V(G + > (dega, () + [V (G1)])
a€Ng, (u) beVa,

0, (u) + dega, (w)[V(Ga)| + [V(G)|[V(G2)| + 2| E(Ga2)|-

Similary if u € V(G2), then

5G1 +G2 (u) -

Z degG1+G2 Z degGl +G2

acNg, (u) beVg,
Y. (degay(@) + VGO + D (dege, (b) + [V(Ga)))
aENg, (u) beVa,

0, (u) + dega, (w)[V(G1)| + [V(G)[[V(G2)| + 2[E(G1)|-

O

Theorem 13. Let Gy and Gy be two graphs without well-connected

vertices. Then

€C(G1 + GQ) x)

= (M1(G1) + Mi(G2) + 4(IV(G)||E(G2)| + [V (G2)[|E(G1)])
+  [V(G)IIV(G)|(V(G)| + [V(Ga)|)

Proof. By Lemma 12, we have:

€C(G1 + GQ) x)

= Z 6G1+G2(U €G1+G2 + Z 6G1+G2 6G1+G2(v)

veEV(G1) veV (Ga)
= > (06, (v) + dega, (v)[V(Ga)]
veV (Gr)

+V(G|IV(Ga2)| + 2|E(Ga)|) #°

+ Z (0G, (v) + dega, (v)|V (GY)|
veV (G2)

+HV(G)IIV(Ga)| +2|E(Gy)]) 2
= (Mi(G1) + M1 (G2) +4(|V(G1)||E(G2)| + [V(G2)||E(G1)])
+ [V(GOIIV(G2)|(V(G1)| + |V (Ga2)|) 22,

which proves the theorem. O
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4. Conclusions. In this paper the eccentric and modified eccentric
connectivity polynomials of graphs are presented. Our definitions are similar to
those are given in Sagan et al. [15]. The exact formulas for some graph operations
are obtained. These polynomials are computed for well-known graphs to clarify
our formulas. Finally, the polynomial presented by Sagan et al. for the Wiener
index can be defined in a unique way, but it is possible to define even more than
two different polynomials with the property that their derivative evaluated at
x = 1 give the eccentric connectivity index.

For given graphs Gy and G2 their tensor product G x Gs is defined
as the graph on the vertex set V(G1) x V(G2), and vertices u = (uy,us) and
v = (v1,v2) of V(G1) x V(G2) are connected by an edge if and only if either
ujvy € E(G1) and ugvy € E(Gs). It remains an open question to find exact
formulas for the eccentric and modified eccentric connectivity polynomials of
graphs under tensor product operation.
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tions,which led us to rearrange the paper. This research was supported by a grant
from TPM (No. 90050113).
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