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ON SOME GENERALIZATIONS OF A CLASS

OF DISCRETE FUNCTIONS

Dimiter Stoichkov Kovachev

Abstract. In this paper we examine discrete functions that depend on
their variables in a particular way, namely the H-functions. The results
obtained in this work make the “construction” of these functions possible.
H-functions are generalized, as well as their matrix representation by Latin
hypercubes.

1. Introduction, definitions and notation. Some of the major
results regarding H-functions were obtained in the works [2, 4, 6].

We will denote the set of all functions of n variables of the k-valued logic
by

P k
n = {f : En

k → Ek/Ek = {0, 1, . . . , k − 1}, k ≥ 2}.

It is proved that the matrix form of every H-function from P k
n is a Latin

hypercube and vice versa, every Latin hypercube is the matrix form of an H-
function from P k

n . Latin squares and hypercubes have their applications in coding
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theory [5, §13.1], error correcting codes [5, §13.2 ÷ 13.5], information security,
decision making, statistics [5, §1.4, §12.1÷12.3], cryptography [5, §14.1÷ 14.5],
conflict-free access to parallel memory systems [5, §16.3], experiment planning,
tournament design [5, §1.6, §16.5], etc.

Definition 1 [3]. The number Rng(f) of different values of the function
f is called the range of f .

We denote the set of variables of the function f(x1, x2, . . . , xn) by Xf .

Definition 2. Every function obtained from f(x1, x2, . . . , xn) by replac-
ing the variables of M , M ⊆ Xf , 0 ≤ |M | ≤ n, with constants is called a
subfunction of f with respect to M .

The notation g −−≺ f (g
M
−−≺ f) means that g is a subfunction of f (with

respect to M).

Definition 3 [3]. If M is the set of variables of the function f and

G = {g : g
Xf\M

−−≺ f} is the set of all subfunctions of f with respect to Xf\M , then
the set Spr(M,f) =

⋃

g∈G

{Rng(g)} is called the spectrum of the set M for the

function f .

Definition 4 [2]. We say that f(x1, x2, . . . , xn) is an H-function if for
every variable xi, 1 ≤ i ≤ n, n ≥ 2 and for every n + 1 constants α1, . . . , αi−1,
α′, α′′, αi+1, . . . , αn ∈ Ek with α′ 6= α′′ we have

f(α1, . . . , αi−1, α
′, αi+1, . . . , αn) 6= f(α1, . . . , αi−1, α

′′, αi + 1, . . . , αn).

In [4], it is proven that a function f(x1, x2, . . . , xn) ∈ P k
n is an H-function

if and only if for every variable xi, i = 1, 2, . . . , n the following equality holds:
Spr(xi, f) = {k}.

The examined class of H[m; q]-functions is a generalization of the H-func-
tions in P k

n .

Definition 5 [4]. We say that the function f(x1, x2, . . . , xn) ∈ P k
n is an

H[m; q]-function if for every set M of m elements, M ⊆ Xf , of variables of the
function f we have Spr(M,f) = {q}.

When m = 1 and q = k, the set of H[1; k]-functions of P k
n is equal to the

set of H-functions of P k
n .

One of the results for H-functions in [7] is expanded with the proof that
a function f ∈ P k

n is an H[m; q]-function if and only if each of its subfunctions
that depends on at least m variables is an H[m; q]-function [4].
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2. Main results. Let F k
n (K) = {f : K → Ek}, where K = K1 ×

K2 × · · · × Kn , and Ki = {0, 1, . . . , ki − 1}, ki ≥ 2, i = 1, 2, . . . , n be finite sets.

It is obvious that P k
n = F k

n (En
k ). Let us denote by P k,q

n (F k,q
n (K)) the set of all

functions belonging to P k
n (F k

n (K)), which have a range q. By A = ‖aij‖m,n we
denote the matrix with m rows and n columns, which is called a 2-dimensional
matrix of m × n size. By B = ‖bi1i2...in‖k1,k2,...,kn

we denote the n-dimensional
matrix of size k1×k2×· · ·×kn. In the special case when k1 = k2 = · · · = kn = k,
the matrix C = ‖ci1i2...in‖k1,k2,...,kn

is denoted by C = ‖ci1i2...in‖
k
1

and is called an
n-dimensional matrix of order k.

Each function f(x1, x2, . . . , xn) from P k
n (F k

n (K)) can be represented in
matrix form ‖ai1i2...in‖

k
1(‖ai1i2...in‖k1,k2,...,kn

), where for each element of the corre-
sponding matrix, the equality ai1i2...in = f(x1 = i1−1, x2 = i2−1, . . . , xn = in−1)
holds.

Definition 6. We will call a Latin n-dimensional hyperparallelepiped
(hypercube when k1 = k2 = . . . = kn = k) of size k1 × k2 × · · · × kn based on
the set Ek = {0, 1, . . . , k−1} every n-dimensional matrix A = ‖ai1i2...in‖k1,k2,...,kn

of size k1 × k2 × · · · × kn, the elements of which belong to Ek and for every s,
s = 1, 2, . . . , n, the following relation holds:

∣

∣

∣

∣

∣

∣

ks
⋃

j=1

{

ai1...is−1j is+1...in

}

∣

∣

∣

∣

∣

∣

= ks.

A function f is injective if for every α, β from α 6= β it follows that
f(α) 6= f(β).

Taking into account Definition 1, Definition 4 and the properties of injec-
tive functions, we have:

Proposition 1. A function is an H-function if each of its subfunctions
of one variable is injective.

The question of the existence of H-functions among the set of discrete
functions F k

n (K) arises naturally.
If Y and Z are finite sets and the function h : Y → Z is injective, then

|Y | ≤ |Z| and Rng(h) = |Y |. In addition, taking into account Proposition 1, we
have:

Proposition 2. A necessary condition for the function f(x1, x2, . . . , xn)
∈ F k

n (K) to be an H-function is |Ki| = ki ≤ k = |Ek| for every i, 1 ≤ i ≤ n.

If there exists i, 1 ≤ i ≤ n, such that |Ki| = ki > k = |Ek|, then the
number of H-functions of the set F k

n (K) is zero. For the functions of P k
n , from
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Ki = Ek, 1 ≤ i ≤ n, it follows that the necessary condition for the existence of
H-functions holds.

Theorem 1. If the functions fj (xj) ∈ F k
1 (Kj) are injective, i.e. fj(xj) ∈

F
k,kj

1
(Kj), j = 1, . . . , n, then the function f(x1, x2, . . . , xn) = [f1(x1) + f2(x2) +

. . . + fn(xn)] mod k, is an H-function belonging to the set F k
n (K).

P r o o f. Let xi, 1 ≤ i ≤ n, n ≥ 2, be an arbitrary variable, α′ and α′′

(α′ 6= α′′) be two arbitrary constants of the set Ki, and α1, . . . , αi−1, αi+1, . . . , αn

be an arbitrary set of constants such that αs ∈ Ks, s ∈ {1, 2, . . . , n}\{i}. From
α′ 6= α′′ and fi(xi) being an injective function, it follows that fi(α

′) 6= fi(α
′′),

and therefore Q+ fi(α
′) 6= Q+ fi(α

′′). The latter inequality, when Q = f1(α1)+
· · · + fi−1(αi−1) + fi+1(αi+1) + · · · + fn(αn), allows us to conclude that

f(α1, . . . , αi−1, α
′, αi+1, . . . , αn) 6= f(α1, . . . , αi−1, α

′′, αi+1, . . . , αn).

The variable xi and the constants α1, . . . , αi−1, α
′, α′′, αi+1, . . . , αn were chosen

arbitrarily. Therefore, the function f(x1, x2, . . . , xn) is an H-function of the set
F k

n (K). �

The following question remains open: Do injective functions gj(xj) ∈
F k

1 (Kj), j = 1, . . . , n, exist for every H-function g ∈ F k
n (K), such that g(x1, . . . ,

xn) = [g1(x1) + g2(x2) + · · · + gn(xn)] mod k?

From Theorem 1, we arrive at the following corollaries:

Corollary 1. If the condition 2≤ |Ki| = ki ≤ k = |Ek| holds for every
i, 1 ≤ i ≤ n, then for every n and k there exists an H-function which belongs to
the set of functions F k

n (K).

Corollary 2 [4]. If the functions fj(xj) ∈ P k
1 are bijective, i.e. fj(xj) ∈

P k,k
1

, j = 1, 2, . . . , n, then the function f(x1, x2, . . . , xn) = [f1(x1)+f2(x2)+ · · ·+
fn(xn)] mod k, is an H-function belonging to the set P k

n .

Corollary 3. For every n and k, n ≥ 1, k ≥ 2, there exists an H-function
belonging to the set P k

n , i.e., there exists an n-dimensional Latin hypercube of
order k.

Theorem 1 allows us to “construct” H-functions of the set F k
n (K). We

will show this in the following example.

Example 1. Let us “construct” the H-function f of the set F 4
3 (K), where

K = K1 × K2 × K3, K1 = K2 = {0, 1, 2}, K3 = E4 = {0, 1, 2, 3}.
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Let f(x1, x2, x3) = [f1(x1) + f2(x2) + f3(x3)] mod 4, where

f1 =

(

0 1 2
3 0 1

)

, f2 =

(

0 1 2
2 1 3

)

and f3 =

(

0 1 2 3
1 3 0 2

)

be injective functions defined in the sets K1, K2, K3, respectively, and taking
values in E4.

Consequently we get:

f(0, 0, 0) = [f1(0) + f2(0) + f3(0)] mod 4 = [3 + 2 + 1] mod 4 = 2;

f(0, 0, 1) = [f1(0) + f2(0) + f3(1)] mod 4 = [3 + 2 + 3] mod 4 = 0

and so on, placing the results in Table 1 to arrive at the table representation of
the function f(x1, x2, x3).

x1 x2 x3 f(x1, x2, x3) aijl x1 x2 x3 f(x1, x2, x3) aijl x1 x2 x3 f(x1, x2, x3) aijl

0 0 0 2 a111 1 0 0 3 a211 2 0 0 0 a311

0 0 1 0 a112 1 0 1 1 a212 2 0 1 2 a312

0 0 2 1 a113 1 0 2 2 a213 2 0 2 3 a313

0 0 3 3 a114 1 0 3 0 a214 2 0 3 1 a314

0 1 0 1 a121 1 1 0 2 a221 2 1 0 3 a321

0 1 1 3 a122 1 1 1 0 a222 2 1 1 1 a322

0 1 2 0 a123 1 1 2 1 a223 2 1 2 2 a323

0 1 3 2 a124 1 1 3 3 a224 2 1 3 0 a324

0 2 0 3 a131 1 2 0 0 a231 2 2 0 1 a331

0 2 1 1 a132 1 2 1 2 a232 2 2 1 3 a332

0 2 2 2 a133 1 2 2 3 a233 2 2 2 0 a333

0 2 3 0 a134 1 2 3 1 a234 2 2 3 2 a334

Table 1

Every discrete function h =

(

0 1 . . . k − 1
b1 b2 . . . bk

)

, where bi ∈ Ek, i =

1, . . . , k, can be written in the analytic form y = h(x) by interpolating polynomial
[1] or by the following determinant form

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 x x2 . . . xk−2 xk−1 y
1 0 0 . . . 0 0 b1

1 1 1 . . . 1 1 b2

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
1 k − 1 (k − 1)2 . . . (k − 1)k−2 (k − 1)k−1 bk

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= 0.
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Each of the functions f1, f2, f3 could be expressed analytically by using the
Newton form of the interpolating polynomial, and for the function f(x1, x2, x3)
we have the following analytic form:

f(x1, x2, x3) =
[

2(x1)
2 − x1 + 3 +

3(x2)
2 − 5x2 + 4

2
+

10(x3)
3 − 45(x3)

2 + 47x3 + 6

6

]

mod 4.

Theorem 2. The function f(x1, x2, . . . , xn) ∈ F k
n (K) is an H-function

if and only if for each of its variables xi, i = 1, 2, . . . , n, the following equality
holds: Spr(xi, f) = {ki}.

P r o o f. (Necessity) Let f ∈ F k
n (K) be an H-function and xi, i ∈ {1, 2, . . . ,

n} be an arbitrary variable of f . Then each of its subfunctions g, g
Xf\xi

−−≺ f
is injective, i.e. Rng(g) = ki and therefore Spr(xi, f) = {ki} holds for i =
1, 2, . . . , n.

(Sufficiency) Let Spr(xi, f) = {ki} hold for every variable xi, i ∈ {1, 2, . . . ,
n}.

This would mean that every subfunction h, h
Xf\xi

−−≺ f , has a range equal
to ki, and therefore, h is injective. The variable xi was chosen arbitrarily, so
it follows that every subfunction of one variable of the function f is injective.
Therefore f is an H-function. �

Theorem 3. Every H-function of F k
n (K) can be represented in matrix

form as an n-dimensional Latin hyperparallelepiped of size k1×k2×· · ·×kn based
on Ek.

P r o o f. Let f(x1, x2, . . . , xn) be an arbitrary H-function of F k
n (K), let s

be an arbitrary number, s ∈ {1, 2, . . . , n}, and let (c1, . . . , cs−1, cs+1, . . . , cn) be
an arbitrary set of constants, such that ci ∈ Ki, i ∈ {1, 2, . . . , n}\{s}. If B is the
matrix form of the function f , then for each element of the matrix B, the following
equation holds: bj1j2...jn = f(x1 = j1 − 1, x2 = j2 − 1, . . . , xn = jn − 1) ∈ Ek.

From xt = jt − 1 = ct it follows that jt = ct + 1, t ∈ {1, 2, . . . , n}\{s}.
Since f is an H-function of F k

n (K), it follows that f(c1, . . . , cs−1,0, cs+1,
. . . , cn), f(c1, . . . , cs−1,1, cs+1, . . . , cn), . . . , f(c1, . . . , cs−1, ks−1, cs+1, . . . , cn) as-

sume different values and hence,

∣

∣

∣

∣

ks−1
⋃

r=0

{f(c1, . . . , cs−1, r , cs+1, . . . , cn)}

∣

∣

∣

∣
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∣
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∣

= ks.
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The function f , the number s and the set of constants (c1, . . . , cs−1, cs+1,
. . . , cn) were chosen arbitrarily. Consequently, the matrix B is a Latin n-dimen-
sional hyperparallelepiped of size k1 × k2 × · · · × kn based on Ek. �

In Table 1 of Example 1, the H–function f of the set F 4
3 (K) has been

“constructed” and represented in tabular and matrix form ‖aijl‖3,3,4, by using a
Latin 3-dimensional hyperparallelepiped of size 3×3 × 4.

Taking into account Definition 1 and Theorem 3, we have:

Proposition 3. If f(x1, x2, . . . , xn) is an arbitrary H-function of F k
n (K)

and the matrix Af is its matrix form, then by fixing any n−1 indices of the matrix
Af we get a 1-dimensional matrix, which does not contain repeating elements.

Directly from Theorem 1 and Theorem 3 we get:

Corollary 4. Every matrix A = ‖ai1i2...in‖k1,k2,...,kn
, for which ai1i2...in =

(

n
∑

j=1

fj(ij − 1)

)

mod k, where fj ∈ F
k,kj

1
(Kj), j = 1, 2, . . . , n, is an n-dimen-

sional Latin hyperparallelepiped of size k1 × k2 × · · · × kn based on Ek.

The function h2(x) = (ax+b) mod k , where a and b are natural numbers,
(a, k) = 1, is injective (moreover, it is bijective). Applying Corollary 4, we get:

Corollary 5. Every matrix B = ‖bj1j2...jn‖k1,k2,...,kn
, for which bj1j2...jn =

(a1j1 + a2j2 + · · · + anjn + c) mod k, where c is a natural number, (ai, k) = 1,
i = 1, 2, . . . , n, is a Latin n-dimensional hyperparallelepiped of size k1×k2×· · ·×kn

based on Ek.

3. Conclusions. The author is not aware of any published papers
which investigate the H-functions from the set F k

n (K). The present paper shows
the relationship between H-functions, spectrum of a variable with respect to a
function, and Latin hyperparallelepipeds.

Since P k
n = F k

n (En
k ), i.e. the set of functions P k

n is a partial case of the
set F k

n (K), then the results arrived at in this paper are also valid in P k
n .

In Theorem 6 [2] it is proven that if the function f(x1, x2, . . . , xn) ∈ P 3
n is

an H-function, then it is a linear function. From Theorem 1 and Example 1 we
conclude that for all n ≥ 1 and k ≥ 3 there exist H-functions from F k

n (K), and
therefore also from P k

n , which are not linear and can be represented in analytic
form.

he paper “On a Class of Discrete Functions” published in Acta Cyber-
netica [4] examines the functions from P k

n : the H-functions are generalized and
the class of H[m; q]-functions (Definition 5) is investigated.
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