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ESSENTIAL ARITY GAP OF BOOLEAN FUNCTIONS

Slavcho Shtrakov

ABSTRACT. In this paper we investigate the Boolean functions with max-
imum essential arity gap. Additionally we propose a simpler proof of an
important theorem proved by M. Couceiro and E. Lehtonen in [3]. They use
Zhegalkin’s polynomials as normal forms for Boolean functions and describe
the functions with essential arity gap equals 2. We use to instead Full Con-
junctive Normal Forms of these polynomials which allows us to simplify the
proofs and to obtain several combinatorial results concerning the Boolean
functions with a given arity gap. The Full Conjunctive Normal Forms are
also sum of conjunctions , in which all variables occur.

1. Introduction. Essential variables of functions have been studied by
several authors [1, 2, 4]. In this paper we consider the problem of simplification
of functions by identification of variables. This problem is discussed in the work
of O. Lupanov, Yu. Breitbart, A. Salomaa, M. Couceiro, E. Lehtonen, etc., for
Boolean functions and by K. Chimev for arbitrary discrete functions. Similar
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problems for terms and universal algebra are studied by the author and K. De-
necke [7]. Essential input variables for tree automata are discussed in [6]. The
problems concerning essential arity gap of functions are discussed in [3]. Here
we study and count the Boolean functions which have maximum arity gap. Note
that if a function f has greater essential arity gap than the essential arity gap
of another function g, then f has a simpler automaton realization than g. This
fact is of a great importance in theoretical and applied computer science and
modeling.

2. Essential variables in Boolean functions. Let B = {0,1} be
the set (ring) of the residua modulo 2. An n-ary Boolean function (operation) is
a mapping f : B" — B for some natural number n, called arity of f. The set of
all such functions is denoted by Py’

A variable x; is called essential in f, or f essentially depends on x;, if
there exist values aq,...,a,,b € B, such that

f(al, ey Ai—15Q5, A4 1y - - - ,an) 75 f(al, . ,ai,l,b, Ajg1ye-- ,an).

The set of essential variables in a function f is denoted by E'ss(f) and the
number of essential variables in f is denoted by ess(f) = |Ess(f)|. The variables
from X = {x1,...,2,} which are not essential in f € P} are called fictive and
the set of fictive variables in f is denoted by Fic(f).

Let z; and z; be essential variables in f. We say that the function g is
obtained from f € P}’ by identification of a variable x; with xj, if

9(@1,.. . xn) = f(21, . %o, T, Tig1, .- Tp) = [T = 25).

Briefly, when g is obtained from f, by identification of the variable x; with x;,
we will write g = f;; and g is called the identification minor of f. The set of
all identification minors of f will be denoted by Min(f).

For completeness of our consideration we allow to be obtained identifica-
tion minors when x; or z; are not essential in f, also. Thus if x; does not occur
in f, then we define f;; := f.

Clearly, ess(fi—j) < ess(f), because x; ¢ Ess(f;—;), even though it may
be essential in f.

For a function f € Pg the essential arity gap (shortly arity gap) of f is
defined as follows

gap(f) = ess(f) — max css(o)
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It is not difficult to see that the functions with huge gap are simpler for
realization by switching circuits and functional schemas in theoretical and applied
computer science.

Let us denote by G} the set of all functions in Pj' which essentially
depend on m variables and have gap equals to p i.e. G)' = {f € P3| ess(f) =
m & gap(f) = p}, with m < n.

An upper bound of gap(f) for Boolean functions is found by K. Chimev,
A. Salomaa and O. Lupanov [2, 4, 5]. It is shown that gap(f) < 2, when f €
Py, n>2.

This result is generalized for arbitrary finite valued functions in [3]. It is
proved that gap(f) <k for all f € P*, n > k.

Let m € N, 0 <m < 2" —1 be an integer. It is well known that for every
n € N, there is a unique finite sequence (a1, ...,a;,) € B" such that

(1) m=ao12""1+ 2" 2+ ...+,

The equation (1) is known as the presentation of m in binary positional numerical
system. One briefly writes m = @jag ... @, instead of (1)for short.
For a variable x and a € B, we define the following important function:

o |1 if z=a
Y7l it T # .

This function is used in many investigation, concerning the applications of dis-
crete functions in computer science [2].

There are many normal forms for representation of functions from P3'. In
this paper we will use the Full Conjunctive Normal Form (FCNF) for studying
the essential arity gap of functions. This normal form is based on the table
representation of Boolean functions.

The next two theorems are in the basis of the Theory of Boolean functions,
and they are well known.

Theorem 2.1. FEach function f € P3' can be uniquely represented in
FCNF as follows
(2)  flw1,..2n) =agal . 2d D apmaft 0D agn g .,
where m =aq ... Qyp, Gy € B and” &7, and ”.” are the operations addition and

multiplication modulo 2 in the ring B.

Theorem 2.2. A wvariable x; is fictive in the function f € Pg', if and
only if
flzy, ... zp) =
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= :E?.fl(fﬂl, ey L1, L1y - - ,l‘n) D x%.fQ(l'l, R T I 7 T ,$n),
with fi = f2 and x; ¢ Ess(f;), where f; € Py, for j =1,2.
The next lemmas characterize the relation between the identification mi-

nors of Boolean functions.

Lemma 2.1. Let f,g € P3' be two Boolean functions represented by their
FCNF as follows

on—1_1 on—1_1
— a1 « _ aq a
f= @ Am-x]' ...yt and g = @ R o

where m =01 ... 0. If fic; = gij and a; = o for some i, j with1 < j <i <
n, then a,, = b,,.

Proof. Without loss of generality we will prove the lemma for ¢ = 2 and
j = 1. Since fa.1 = ga.1 we have

f(xl)xl)xi’n' .- 7$n) - g(fl,xl,fﬂg,. .- ,ﬁn).

Hence

Ay, = f(al,Oél,Oég,. .- 7an) = g(alaalaa3a cee 7an) - bm

O

Lemma 2.2. Let f,g € Py, be two functions, depending essentially on
n, n > 3 variables. If fic j = gi—j for alli,j, 1 < j <i<n, then f=g.

Proof. Let f and g be functions represented by their FCNF as in
Lemma 2.1. Let m = 1.2 ' + a9.2" 2 + ... + a, be an arbitrary integer
from {0,1,...,2" — 1}. Since n > 3 there exist two natural numbers i, j with
1<j<i<nand a; = ;. From Lemma 2.1 we obtain

Am :f(al,OZQ,...,Oén) :g(alaa2a"'van) :bm
Consequently, we have f =g¢g. O

Example 2.1. Let us consider the Boolean functions f = x99 @ xix)

and g = 2929 @ 221, It is easy to see that for all i,j, 1 < j < i < n we have
fici = Gij = 2y, but f # g. This ezample shows that n > 3 is an essential

condition in Lemma 2.2.
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3. Essential Arity Gap of Boolean Functions. For Boolean
functions —(x) denotes the unary operation negation, i.e.

ST 0 if oz #£0.

Proposition 3.1. For each Boolean function f the following sentences
are held:

(1) gap(f(z1,...,2n)) = gap(f(—z1,...,"Ty));

(i) gap(f(z1, ..., an)) = gap(=(f(z1,...,20)));

(iii) gap(f(x1,...,2n)) = gap(f(Tr(1) -+ Ta(n))), wherem : {1,... ,n} —
{1,...,n} is a permutation of the set {1,...,n};

(iv) ess(fi—j) = ess(fj—i) for alli,j, 1 < j<i<n.

Note that the last two assertions (éi7) and (iv) are valid in the more
general case of k-valued functions.

For any natural number n,n > 2 we define the following two sets:

0dy :={avas...a, €{0,1}" a1 Da ® ... D, = 1}

and
Evy :={ovjay...a, € {0,1}" |a1 D e ® ... D, = 0}.

Clearly, ajas ... o, € Ody if and only if the number of 1’'s in ajas ... vy is odd,
and ajag ...y € Evd when this number is even.

Proposition 3.2. For anyn, n >4, if

— a1 « — a1 «
- @ ot or f = @ A )

ay...an€0dy ai...ap€Bvy
then f € G5.
Proof. Without loss of generality let us assume that
f= @ 2" ... 20", We have to show that ess(fi—;) < n — 2 for all
a1...an€0dy

1,7, 1 < j < i <n. Without loss of generality, again we will assume ¢ = 2 and
j = 1. Then we have

_ Qi o3 an _
fo1 = @ xitagt gt =

-1
01,03,...0n,€0dy

= a0, @ 2%t | @ . @ xgs . apt | =

cvzg,...cunEOd;H2 cvzg,...t:\anOd;H2
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_ a3 Qan
= P oagam

ag,..an€0dy 2
The result is the same when a; ...y, € Evy. O

We are going to describe the set G for n = 2,3,4. The results for n =4
can be easily extended in the more general case of n > 4.

Theorem 3.1. Let f € PZ. Then f € G3 if and only if

1.1 1 1 :
f=ao.(22) @ zizd) ® a2zl @ as.xtal, with a1 # a9 or as # ao.

Proof. Let f = ap.2%29 ® a1.292) ® as.212§ ® ag.xizl. The variables xq
and x9 are essential in f if and only if (ag,a1) # (a2, as3) and (ag, az) # (a1,as3).
Consider the identification minor h := fo. 1 = ap.2) @® az.zi of f. We need
ess(h) = 0 and from Theorem 2.2 it follows ag = ag. If we suppose that a; =
as = ag, then f(x1,x2) = ag, which contradicts ess(f) =2. O

Corollary 3.1. There are 6 functions in G3, i.e. |G3| = 6.

Proof. Let ag € {0,1}. For a; and ay there are 3 possible choices which
satisfy Theorem 3.1. The cases a1 = a3 = ag = 0 and a1 = ag = ap = 1 are both
impossible because then ess(f) < 2, since Theorem 2.2. O

Corollary 3.2. If f = ag.292Y @ a1.292 © ap.2129 @ az.zlzd € P} then
ess(fa1) = 0 if and only if ap = as.

The next step is to describe the functions which essentially depend on 3
variables and have an essential arity gap equal to 2.

Theorem 3.2. Let f be a Boolean function of three variables. Then
f € G3 if and only if it can be represented in one of the following special forms:

(3) f=a3@l2} @ 2lad) © aaf,
or
(4) f=25@92Y @ zlad) @ 239 @ alal),

where o, 3 € {0,1}.

Proof. Note that the presentation of f in (4) is symmetric with respect
to the variables, but in (3) f is not symmetric with respect to the variables z;
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and 3. So, the theorem asserts that f € G3 if and only if f can be represented
in one of the forms (3) or (4), after a suitable permutation of the variables.

“<": Clearly, x1,z2 and x3 are essential variables in the functions of the
right sides of (3) and (4). To see that f € G3 it is enough to do an immediate
check. Thus for the function f in (3) we have fo. 1 = :cf ,

B B

ry it B=a ry if B=a
—1 = d 9 =
f31 {x’g it 5 and  f3— {x’f it Aa

The functions f as in (4) are in G3 because z;,x; ¢ Ess(fi—;) for all 4,5, 1 <
j<i<3.
“=7: Assume that f € G3. Let the FCNF of f is written as follows:
f=1a3a0-2%29 @ a1.2%) © az.2l2d @ az.xixd) ©
@mé(mm?m% EBCL{,.%‘?%‘% @ag.x%xg @aq.m%x%) =
= 29.g9(z1,20) ® z.h(z1, ).
A. Suppose that z1 € FEss(ga—1) or 1 € Ess(ha—1). Then x; €
Ess(fa1) because for1(x3 = 0) = go1 and fo1(x3 = 1) = hoy. Hence

f € G3 implies 23 ¢ FEss(fa—1) i.e go.1 = ha1. Consequently, ap = a4 and
as = a7. Then we obtain

0,0 0,1 1.0 1.1
U= fa1=0ap.2725 B a1.2725 B as.21Ty S a7.27%3,

and

1 1 1.1
v = f3_2 :ao.x?xg ¥ ag.xlxg % a5.m(1]x2 © ar.riTs.

There are the following cases:
A.a. 1 ¢ Ess(u). Hence ag = ag and a1 = ar.

A.a.l. If we suppose that x1 ¢ Ess(v), then ag = ag and a5 = a7 implies
(according to Theorem 2.2) that x1,73 ¢ Ess(f) and f ¢ G5.

A.a.2. If xy ¢ Ess(v), then ag = a5 and as = a7. Note that if ay = a7,
then f has to be a constant. Hence a7 = —(ap). Then we obtain

f :ao.[:c(l]:chg ©® :U(fxgxé @ x?x%xé @ :c%xgxé] ©®
& ~(ao). 192328 @ o}afaf @ olatad @ olafel] =
= ao[z§(27) @ 2129) @ 2928] @ —(ap)[23(z2; @ 2129) @ 2iz}] € G3.
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Clearly, f is presented as in (3).
A.b. 29 ¢ Ess(u). Hence ap = ay and ag = ay.

A.b.1. If we suppose that z9 ¢ Ess(v), then ag = a5 and ag = a7 implies
(according to Theorem 2.2) that xo, 73 ¢ Ess(f) and f ¢ G5.

A.b.2. If 1 ¢ Ess(v), then ag = az and a5 = a7. Again, if ay = a7, then
f has to be a constant. Hence a7 = —(ap). Then we obtain

1 1
f:ao.[x(fmgxg ¥ m(faché ¥ m?xng @ xlxgxg} S

@ —(ap).[2)r323 © rizdry © vizdal @ viziay] =
= ag[z3(alzy ® wiay) @ afwy] & —(ao)[w3(aley ® wiay) @ xyay) € GI.
Clearly, f is presented as in (3).
B. Let us suppose that x1 ¢ Fss(go—1) and 21 ¢ Ess(ho—1). Then we
have g € G3 and h € G3. From Theorem 3.1 it follows that

0.0 1.1 0,1 1.0
g(x1,x2) = ap.(xjxyg @ T173) B a1.x7T3; D a.x1Ty,

and
0,0 1.1 0,1 1.0
h(z1,x2) = ag.(xjxg @ 2125) © as.xiT5 O ag.21T;.

Then we obtain

0,0 0.1 1.0 1.1
u= f3s1=ap.xiTy © ar1.xiTy D as.T Ty D a4.T1T3,

and

0,0 1.0 0,.1 1.1
V= f3.2=0a0.21T5 B a2.21T5 P 05.T1T5 P a4.T]T5.

B.a. z1 ¢ Ess(u). Hence ag = ag and a1 = ay.

B.a.1. If 1 ¢ Ess(v), then ap = as and ag = as. Note that if ag = ay,
then f has to be a constant. Hence as = —(ap). Then we obtain

1 1,.0,.1 1,.1..0
f:ao.[x?mgxg ©® mlxgxg @ xixror3 D x1x2x3] %

& ~(ao).[efale} & aleked @ alolsl @ ololal] -
— aool(edal @ oked) © afel] & ~(an)[xladel & wha) & whal] € G

Clearly, f is presented as in (3).
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B.a.2. If x5 ¢ Ess(v), then ag = a5 and az = a4. Again, if ay = ay4, then
f has to be a constant. Hence aq = —(ap). Then we obtain

f:ao.[x(fmgxg ¥ m?x%xé S¥ m%xgxé @ x%x%xg} S

& ~(a0). [18030} ©afekel ®aladed & cladal] =
= o[l ® alad) & heled @ adad)] &
@ —(ao) [z3(212) @ zizy) ® 2f(zia) @ 2lx})] € G.
Clearly, f is presented as in (4).
B.b. x9 ¢ Ess(u). Hence ag = a1 and ag = aq4.

B.b.1. If we suppose that z ¢ Ess(v), then ag = ag and a4 = a5 implies
(according Theorem 2.2) that x1,z2 ¢ Ess(f) and f ¢ G3.

B.b.2. If x5 ¢ Ess(v), then ag = a5 and ay = a4. Again, if ag = ay4, then
f has to be a constant. Hence aq = —(ap). Then we obtain

1 1.1 1.1
f :ao.[:c(l]:chg ©® $(1]$2$g ©® x?x2x3 @ :clexg] ©®

& ~(ao).[e0ale} & alaled @ alofal @ ololal] -
— aooh(ala} & olad) © alel] & ~(an)[xdalel & alad) & wlal] € GL

Clearly, f is presented as in (3). O
Corollary 3.3. Let f € P§. Then ess(fi—j) <1 foralli,j, 1 <j<i<
3 if and only if
f = 25%Y © zizd) @ apafzial @ ag.xixdal ©
@ —(ag).alziry ® —(ay).xixdz],
where a,ay,as € {0,1}.

Proof. This Corollary summarizes all cases considered in Theorem 3.2.
For instance if = 1, a; = 0 and as = 0 we obtain

1 1.1 1.1 1.0.1 1
f=a3(2i2h ® xiw;) @ afryey & wyade; = .
This is the case B.b.1. O

Corollary 3.4. |G3| = 10.
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Proof. As we have noted the functions f in the form (4) are symmet-
ric with respect to their variables. Hence there are exactly two such functions,
obtained for & = 1 and a = 0. These functions are realized in the case B.a.2.

Let us consider the functions f in the form (3) with o = 3. Then we have

f=a%32% @ 212925 @ 2fa$2l @ afafal.

It is easy to check that in both cases & = 1 and a = 0 the function f is symmetric.
Hence there exist exactly two functions from PZ in the form (3) with a = 3. These
two functions are realized in the case A.b.2.

Finally, let us consider the functions in the form

(5) f=ag(alzy © 2iah) © 2%

Since f(a, f,—(a)) = 0 and f(—(«a),B,) =1 for all § € {0,1} it follows that
f is not symmetric with respect to x1 and x3. Furthermore, it is clear that f is
symmetric with respect to x1 and zo. Hence there are exactly six functions from
Py in the form (5). When a = 1 we obtain three function by three permutations
of the variables and the same number of functions for & = 0. These functions are
realized in the cases: A.a.2., B.a.1l. and B.b.2. O

Lemma 3.1. Let f = 29.9(z1, 22, 23) ® x}.h(x1,72,73) € Py. If f € G3,
then ess(gi—;) < 2 and ess(hij—j) < 2 for alli,j, 1 <i< j <3.

Proof. Let us suppose that the lemma is false. Without loss of generality
let us assume ess(ga1) > 2. If f € G3, then x4 ¢ Ess(f2—1) because

foc1 = 209901 @ xyhoc g and fo1(24 =0) = go1.

From Theorem 2.2 it follows that go. 1 = ho.1. Let us set

7 7
g = EB ag).x?lx?azgﬂ and h:= EB a%).x?lx?azg@,
m=0

where m = ajasas, and

1 0) 1,10 0) 1.1..1

0 0
é).x?xgxg ©® ag).x?xg:cg S ag’ . x1T3x3 D a; . x1TT3.

t:=a

Then from g9, 1 = ho. 1, we obtain

g = t(l‘l,wg,wg,) D @ asg)-m?leng?) and

a1Faz
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h = t(x1, 29, 23) ® @ all) 48192 x5
alFag
Note that
foc1 =toc1 = ga1 = ha1.

If ess(ga—1) > 2, then from fo. (x4 = 0) = go1 it follows that f ¢ G%.
Hence ess(ga.1) = 2. Thus we have {z1,z3} = Ess(g2.1). This implies

(6) @, al”) # (a{”,a”) and (@, a{”) # (@, ).

From 1:4 € Ess( f) it follows that there are three numbers ay, g, ag € {0, 1} such

that a 7é am where m = ajasaz. Then a; # as. Hence we have a; = ag or
o = (3.

Let us assume a1 = a3. Then the identification minor v = f3..1 can be
written as follows

(0) (0)

u = ayg x1x2 @ ay ©) ©)

aixd @ xl(ay” 2lz) © ay (1) ()

2129) B x)(ay 351952@“5 2129).

Without loss of generality let us assume that a2 7& a2 ,ie. m =010 = 2.
(An alternative opportunity is m = 5.) Then we have a2 7é 0 or agl £ 0.

Again, without loss of generality let us assume ago) = 1 and agl) = 0. Then

u(x) = a1, = ag) = ago).:cg &) agl).x}l. Hence z4 € Ess(u).

On the other hand we have

(0)

up =u(zy =0) =ay .2z @ a(o) Lol ! 0) 1.0

izt @ 2% @ as iz and

ug =u(zg =1) = a(oo) 292 @ a(70) rizd © a(51) xia.
Thus we have:
If aé ) = ago) =0or aéo) = ag ) = 1, then Ess(ui) = {z1,z2}.
Let aoo) # ago). Then according to (6) we can assume without loss of

generality that aéo) =1 and ago) = 0. Now, we have:

If aéo) =1lor aél) =0, then Ess(ui) = {z1,z2} or Ess(u2) = {z1,x2}.

Finally, if aéo) O _ 0, a(o) =0and aél)
and ug (w1, 12) = 29.

So, we have shown that Ess(u) = {x1,22,74}. Hence f ¢ G4, which is a
contradiction.

By symmetry, we obtain the same contradiction when ao = a3 and we

have to use the identification minor v = fs o instead of u = f31. O

0

=1, a; = 1 we have u;j(x1,z2) = 23
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Lemma 3.2. Let f = 29.9(z1, 2, 23) ® x}.h(x1,72,73) € Py. If f € G3,
then ess(g) = ess(h) = 3.

Proof. Let us suppose that z3 ¢ Ess(g) and f € G3.

Let g and h are represented as follows

7 7
— al .02 (3 — al .02 (03
g:= @am.xl rylwy® and h = @bm.xl 5’13,
m=0 m=0

where m = ajazaz = a1.22 + 2.2 + a3. Since 3 ¢ Ess(g), we obtain

(7) (GO’QQ’Q4’Q6) = (alaa3aa5aa7)'

On the other hand x3 ¢ Ess(g) implies 3 € Ess(h). Hence, we have

(8) (bo, b2, ba, bg) # (b1, b3, bs,br).

Without loss of generality let us assume that by = 1 and b; = 0. Conse-
quently,

0(, .0 1 1,00 1.0 1.1
u= for1 = xy(apr] ® agry) ® zy(rizrs ® bs.x1T3 © brejxs).

From u(z; = 0,74 = 1) = 23 it follows that x3 € Ess(u). If ap = 1, then
u(ry = 0,73 = 1) = 29 and if a9 = 0, then u(z; = 0,23 = 0) = xj. Hence
x4 € Fss(u). The proof will be complete if we show that z1 € Fss(u). Suppose
the opposite, i.e., 21 ¢ Ess(u). From Theorem 2.2 it follows that a9 = ag, bg = 1

and by = 0. Then we have

v=fz_1 = x3[ag. (2929 © zlzd) © as.2lxl © agxizd] ©

1 1 1
® zi[2929 @ by.alzl @ bs.xixd].

If ag = 1, then v(x; = 1,29 = 1) = 2§ and if ap = 0, then v(z1 = 0,29 = 0) = x1.
Hence w4 € Ess(v). On the other side it is clear that v(zy = 1) := 292) @
bo.xdz) @ bs.xlzl is not a constant. Assume that xo € Ess(v). Suppose that

x1 ¢ Ess(v). Hence ag = a2 = a4, bs = 1 and by = 0. Thus we obtain
w= fa gy =ag.x] O zi(xV2) ® bs.alzl @ byxlxl).

Clearly x4 € Ess(w). On the other hand it is clear that w(zs = 1) :=

2029 @ b3.2%23 @ by.wixl is not a constant. Assume that zo2 € Ess(w). Suppose

that z; ¢ E'ss(w). Hence by = 0 and by = 1. Thus finally, we obtain

1 1 1,01 1.1
f=apx] ® zi(2%2923 @ z{292) @ 2{ad2l @ xiziad).
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The contradiction is f ¢ G§ because fio = ag.2 & zixixl.
By analogy we conclude that f ¢ G4 for all other cases generated by (7)
and (8), which is a contradiction. O

Theorem 3.3. Let f € Py. Then f € G5 if and only if f = 29.g(x1, 72, 73) ®
xh.h(wy, 29, 23), with

9) g=a3(@%23 @ zlal) @ 23 (l2) @ wla),
and
(10) h=13"a%8 @ olo}) @ o§@f2} @ 2laf),

for some o, a € {0,1}.
Proof. “<”: The proof in this direction is given in Proposition 3.2.

“=7: Suppose that some of the equations (9) or (10) are not satisfied.

From Lemma 3.1 and Lemma 3.2 there are two possible cases:

A.

ar 0 1 1.0
g =5 (rir5 © TITH) O Ty,

and

h=a}@led @ alad) ® o7PV(eln} @ lad).

Then we have the following identification minor of f:

0.1 0,0 1.1 1.0, -
u= fre1 = zz32§ & —(0).xiry O TiXPT] D T{THT4

(@)
Since u(xy = 0) = x3x§ & —(B).2Y it follows that {xs, 23} C Ess(u). We will
show that x; € Ess(u), also.

Let 3 = 0. If v = «, then we have u(zy = 0,23 = 7) = 29, and if v # «,
then we have u(zy = 1,73 = 7) = 1.

Let 3 =1. If v = a, then u(zy = 0,73 = —(7)) = 21, and if v # «, then
we have u(ze = 1,23 = ) = 1.

Hence 71 € Ess(u) and f ¢ G5 in the case A.

B.

g =25} @ 2lal) @ afad,

and

_ 7(,0,..1 1,.0 6,.0
h=xq(xixy @ xix5) O X175,

Since x4 € Ess(f) it follows that g # h.
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Let us also consider the identification minor u of f :

u=fr1=azixs ® —(8).2%2) © wirdz] © dairs.

Since u(z1 = 0) = z3z$ & —(B).23 it follows that {z2,z3} C Ess(u). We
will prove that x; € Ess(u), also.

Let 3=6=0. Then u(ze = 1,73 = o) = 2Y;

Let 3=6=1. Then u(ze = 0,73 = ) = z1;

Let 3=1 and § = 0. Then u(xg = 0,23 =) = z1;

Let 3=0and § = 1. Then u(xy = 1,23 = —~(a)) = z}.

Hence z; € Ess(u) and f ¢ G5 in the case B., also. This is a contradic-
tion. O

Remark 1. Note that g and h have to be two special functions from G3,
represented by the equation (4) of Theorem 3.2. Such functions can be obtained
in the cases of the same theorem B.a.2 and B.b.2, only.

Corollary 3.5. Let f € P}, Then f € G5 if and only if f = 29.g(z1, 22, 73) @
xy.h(z1, 20, 23), with
g=a5(2d © aleh) © 25} @ alal),
and h = —(g(z1,x2,3)).

Corollary 3.6. Let f € Py. Then f € G5 if and only if

f = ao. @ ety xBeyt | @ —(ao). @ et eyt

041042043044€Od% a1a2a3a4€Ev‘21

Corollary 3.7. If f € G then zj ¢ Ess(fi—;) for all i,j € {1,2,3,4}
1 7.

Proof. The three corollaries above can be proved by immediate checking
of both functions from G4, obtained in Theorem 3.3. O

Theorem 3.4. A Boolean function f € P, depending on n essential
variables with n > 4, has essential arity gap 2 if and only if

— aq o _ aq o
f= @ xytoooxpt or f = EB it

a1...an€OdS al...aneEvg
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Proof. “<”: In this direction the proof is done by Proposition 3.2.
“=": We will proceed by induction on n. If n = 4 the theorem is true
because of Theorem 3.3. Suppose that if 4 <n <[ and f € G35, then

— a1 « _ a1 «
f= @ it ooyt or f = @ A el

at...an€0dy ai...an€Bvy
Let f € Gl2+1. Hence f can be presented as follows
_ .0 1 h
=2 1.9z, 2) ©xp b2y, ... 1)

In the same way as in Lemma 3.1 and Lemma 3.2 it can be proved that g, h € Gb.
By the inductive supposition g and h are functions of the forms

Y1 90 71 "
@ T ... or @ x{ ..oy,

.71 €0} ..y EEVY

with g # h. Note that g and h are not constants because ess(f) = n > 4. Hence
Ess(gi—j) = Ess(hij—;) for i,5 € {1,...,1} and i # j. Assume that

g= @ z{'...z)) and h= @ x‘fl...x?l.

'yl...fylEOdé 51...5ZEEUl2
Consequently
_ .0 71 " 1 01 oy _
J=axp1.( EB o)) @ ( EB i)t =
’yy..’ﬂEOdé 51...516Evl2

_ aq Qr41
Y

041...O¢H_1€Od12+1

The case g = h is impossible because ess(f) = [ + 1, but the replacement of g
and h will produce the function

_ aq (67
f= @ it

[o %1 ...alEEvé

which does not depend on z;4;. O



264 Slavcho Shtrakov

Corollary 3.8. A Boolean function f € Pg', which essentially depends
on n variables with n > 4, has essential arity gap 2 if and only if

f = x%.g(fﬂl,. s Ly e 7$TL71) @xig(‘xla s 7xi71)_'($i)axi+l)° e 71:TL71))

where g € G5! and i € {1,...,n —1}.

Proof. If
g= EB o) and k= @ o)
71...“/n_1€Od;“1 71...%_160013*1

then —(g) = h and —(h) = g for all [ > 4. On the other hand, for each i €
{1,...,n — 1}, we have

= B el @l

V1o An—1€0dy "

Corollary 3.9. |G3| =2 for each n,n > 4.

One of the most important problems concerning the essential arity gap
is to calculate the number of all functions from P3', which depend essentially on
at most n variables and which have the maximum gap, i.e., with gap equal to 2.
The next theorem gives the answer of this problem. It summarizes the results
obtained above in the paper.

Let us denote by H,, the set of all functions in P;', which have gap equal
to 2, i.e.,

H, = U Gy and hy, = |Hy|.

m=2

Theorem 3.5. The following combinatorial equations are held:

(Z) hg = 6,‘
(id) hs = 28;
(iii) hy = 3. (Z) +5. (g) +ont _9n — 2 when n > 4;

Proof. (i) follows from Corollary 3.1 of Theorem 3.1;
3
(i3) Let X3 = {z1,z2,23}. There are 6. <2 Boolean functions with

essential arity gap equal to 2, which depend essentially on 2 variables from X3,
according to Corollary 3.1 of Theorem 3.1.
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From Corollary 3.4 of Theorem 3.2 it follows that there are 10 Boolean
functions with essential arity gap equal to 2, which depend essentially on all 3
variables from X3. Hence hg = 6.3 + 10 = 28.

(vi1) Let X,, = {x1,...,2n}, n > 4. There are 6. Z Boolean functions

with essential arity gap equal to 2, which depend essentially on 2 variables from
Xy, according to Corollary 3.1 of Theorem 3.1.

n
There are 10. 3 Boolean functions with essential arity gap equal to 2,

which depend essentially on 3 variables from X,,, according to Corollary 3.4 of
Theorem 3.2.

Finally, for each m, 3 < m < n there are 2. (n) Boolean functions with
m

essential arity gap equal to 2, which depend essentially on m variables from X,,,
according to Corollary 3.9 of Theorem 3.4.
Hence we have

m=(y)+10.(5) +20(3) + (3)++ ()1 -
=5.(5) 4. (5) + - am
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