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ABSTRACT. The Weyl group W (Eg) acts on the configuration space of
systems of labelled eight lines on a real projective plane. With a system of
eight lines with a certain condition, a diagram consisting of ten roots of the
root system of type FEg is associated. We have already shown the existence
of a W (Ejg)-equivariant map of the totality of such diagrams to the set of
systems of labelled eight lines. The purpose of this paper is to report that
the map is injective.

1. Introduction. We shall discuss simple eight-line arrangements on a
real projective plane. Classifications of simple arrangements of six lines and seven
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lines are well-known. In fact, it is proved by direct computation that there are
eleven kinds of adjacent relations among polygons for seven-line arrangements
(cf. [7]). This fact is in accord with what was described in Griinbaum’s book
[9], Chapter 18, namely, it is shown by Cummings and White (cf. [2], [3], [15])
that there are eleven different classes of non-equivalent seven-line arrangements
in a real projective plane. The second author of this paper studied in detail the
relationship between seven-line arrangements and the root system of type E7 (cf.
[11]). Let A(E7) be the root system of type E7. In Sekiguchi-Tanabata [13] (see
also [11]), the notion of a tetrahedral set is introduced as that consisting of ten
roots modulo sign in A(FE7) with a certain condition. Let 7 be the totality of
tetrahedral sets. Then W (E7) acts on 7 in a natural manner. Let P7 be the set of
connected components of seven-line configuration space. The following theorem
is shown in [13], [11].

Theorem 1.
(i) The set T is decomposed into fourteen Sv-orbits.
(ii) There is a W (E7)-equivariant injective map of T to Pz.

By this theorem, we have fourteen S7-orbits in f(7)(C P;). These
fourteen S7-orbits are called types A, B1l, B2, B3, B4, B5, Cl1, C2, C3, (4,
D1, D2, D3, D4 (cf. [13], [11]). Among the seven-line arrangements of the
fourteen types A, B1, ..., D4, the seven-line arrangements of type C2 and those
of type D2 are equivalent and also the seven-line arrangements of type C4, those
of type D1 and those of type D4 are equivalent. As a consequence, we find that
seven-line arrangements of types C2 and D2 (or those of C4, D1, and D4) are not
distinguished by adjacent relations among polygons and that there is a total of
eleven kinds of seven-line arrangements from the systems of labelled seven lines
of the fourteen types A, Bl, ..., D4 distinguished by adjacent relations among
polygons.

In this paper, we shall study a relationship between eight-line arrange-
ments on a real projective plane and the root system of type Eg on the same
analogy of seven-line case. We have already studied simple eight-line arrange-
ments in [4], [5], [6], [7], [8] and the references there. The theme treated in this
paper is, among other things, related with the conjecture in [4].

The Weyl group W (Ejg) of type Eg, as will be defined in Section 2, acts
on the configuration space of labelled eight lines with some conditions on a real
projective plane. This configuration space is identified with an affine open subset
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S of R®. Let Pg be the totality of connected components of S. Then W (FEyg) also
acts on Pg (cf. §3). On the other hand, to each system of labelled eight lines,
with some conditions, a diagram consisting of ten circles (roots in a root system
of type Eg) analogous to a Dynkin diagram [4] is associated. Such the set and the
diagram are called 8LC set and 8LC diagram, as will be introduced in Section 4.
Let L£Cg be the totality of 8LC sets. We have already shown [8] the existence of
a W (FEs)-equivariant map f of LCg to Pg (cf. §5).

The purpose of this paper is to report that the map f is injective. Our
proof for this statement is deeply indebted to computation by computer and
unfortunately not theoretical. At any rate, this implies that simple eight-line
arrangements contained in connected components of f(LCs) C Py are described
in terms of the root system A(FEjg). If f is surjective, the W (Eg)-structure of Pg
is described in terms of the root system A(Eg) completely.

The first step in proving this statement is to determine all the represen-
tatives of Sg-orbits of LCg by using symbolic computation. As a result, there
are 2160 Ss-orbits of £Cg. Let A, (n = 1,...,2160) be the representatives of
Sg-orbits. The second step to the proof is to determine w, € W (Es) satisfying
wp-U=A, (n=2,...,2160) where U is the Sg-orbit of the remarkable diagram
described in our previous paper [8]. The first and second step will be explained
in Section 6. The third step is to determine the labelled eight lines of f(A,,)
by operating w,, on f(U) successively. As a result, we conclude that systems
of labelled eight lines contained in f(A,)(n # 1) are not equivalent to those
contained in f(U) and the injectivity of f is proved in Section 7.

2. Root system of type FEg. Let E be an 8-dimensional Euclidean
space with an inner product (-,-) and an orthonormal basis {e;;1 < j < 8}. We
define the following 120 vectors of E:

1 8
tl = 52161
=

15 = t — €j_1 —esg (1 <j < 8)
Ty = e_1—ej1 (1<i<yj<8y)

(1) Tk = —€j_1—eg_1 (I1<j<k<y)
rijg = ti—e_1—e_1—e_1—e (1<i<j<k<8)
t; = —€;,_1— ey (1 <1< 8)
ti; = ej—1—eg (1<j<38)
tij = t1—e_1— €;—1 (1 <i1<jg< 8)
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The totality A(Eg) of vectors £t;, £t;;, &r;;, =r;;, forms a root system of type
Eg [4]. Tt is clear that the set {ri2, 7123, 723,734, T45, T'56, T67, 78} can serve as a
system of positive roots; its Dynkin diagram is given as:

I, I Iy Iys Isg Tgy Irg

T3

Let s;j, 5451 be the reflections on E with respect to 7;;, 7;;x and let 7;, 75
be the reflections on E with respect to t;,¢;; (cf. [4], [8]). We note here that the
action of reflection s;; (i,j = 1,2,...,8) causes transposition between the indices
i and j on A(Eg). The group generated by the reflections s;;, Sijks Ti» Tij is nothing
but the Weyl group W (Ejg) of type Eg. In the sequel, the symmetric group Sy is
identified with the subgroup of W (FEjy) generated by s;; unless otherwise stated.

3. Systems of labelled eight lines on a real projective plane.
In this section, we first introduce a W (Eg)-action on the set of systems of labelled
eight lines on a real projective plane.

Let (I1,l2,...,l3) be a system of labelled eight lines on P?(R). We give
conditions on I1,ls,...,l3:

I. The eight lines Iy, 15, ...,ls are mutually different.
II. No three of l1,lo,...,lg intersect at a point.
III. There is no conic tangent to any six of l1,ls,...,lg.

IV. Let P1,Po,...,Pg be the dual points to l1,ls,...,ls. Then there is no cubic
curve which passes through all of P1,Ps,...,Pg and which has a singularity
at one of the eight points.

The system (l1,ls,...,lg) defines a simple eight-line arrangement in the
sense of Griinbaum [9] if the lines [y, 1o, ..., lg satisfy the conditions I, II.

We define p-gons for the system of labelled eight lines (I;)1<;j<s. Each
connected component of P?(R) — U?lej is called a polygon. If it is surrounded
by p lines, it is called a p-gon.

The totality of systems of labelled eight lines on P?(R) with conditions
I, IT forms the configuration space P(2,8); the space P(2,8) is defined by

P(2,8) = GL(3,R)\M’(3,8)/(R*)®,
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where M’(3,8) is the set of 3 x 8 real matrices of which no 3-minor vanishes.
On the other hand, the totality of systems of labelled eight lines on P2(R) with
conditions I, II, III, IV forms a subset of P(2,8) which we denote by P((2,8).
Both P(2,8) and Py(2,8) are affine open subsets of R®. Permutations on the
eight lines l1,1,...,ls induce a biregular Sg-action on P(2,8) (and also that on
Py(2,8)). Let Ps be the set of connected components of Py(2,8). It is stressed
here that the Ss-action on P(2,8) is naturally extended to a birational W (Eg)-
action (cf. [10], [12]). The W (Ejs)-action on Py(2,8) naturally induces that on
Ps.

We are going to define the action of W (FEs) on Py(2,8) in a concrete
manner. Let (I;)1<j<g be a system of labelled eight lines. We assume that [; is
defined by

(2) lj : aljf + agymn + ang =0,

where (€ : n: ¢) is a homogeneous coordinate of P*(R). For the system (I;), we
alj
define a 3 x 8 matrix X = (a1,as,...,as) where a; = | ay;
agj
By a projective linear transformation and scale ambiguity of (2), we may
rewrite X to the following form

1001 1 1 1 1
(3) 01 0 1 Ir1 T2 XT3 X4
0011 vy v y3 wa

The matrix defined by (3) is called the normal form of X and written by N(X)
hereafter.

By the argument above, it is possible to choose as a representative of any
element of P((2,8) a matrix of the form (3). Therefore P(2,8) is regarded as a
quasi-affine subset of R® by the correspondence

1001 1 1 1 1
(4) 01 01 r1 T2 T3 T4 B ($1,$2,$3a$4ay1,y2,?/3,?/4)~
001 1 yi v2 Y3 ua
We introduce the following eight birational transformations o1, ..., 07, 0¢

on (z,y)-space (cf. [4]):
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I 1T 1 1 y1 y2 ys w4

g1 ($15m25x3)x4)ylay25y3ay4) Ty Ty Ty Ty Ty Ty Ty T
Tl T2 T3 T4 T1 T2 T3 T4

o2 1 (T1,22, 23, T4, Y1, Y2, Y3, Ya) — (Y1, Y2,Y3, Y4, T1, T2, T3, T4)
) N A A R A A
03 : ($15m25x3)x4)ylay25y3ay4) ($1,$2,$3,$4,?/1,yzay3ay4)

(1 T2 w3 x4 1 Yo y3 y4>

(5) 04 : (1’17$27m37$47917y27y37y4) ) ) ) ) ) ) )
r1 r1 1 r1 Y1 Y1 Y1 Y1

051(1’1,962,963,964,?;1721272/372/4) — (172,961,963,964,9279171/37Z/4)
065(37171’271'371'4791731273/373/4) — (171,963,962,96479179371/27Z/4)

o7 (:Ula X2,x3,T4,Y1,Y2,Y3, y4) (1171, X2,T4,3,Y1,Y2,Y4, ZUB)

1 1 1 1 1 1 1 1
0o : (m17x27x37x47y17y27y37y4) - CC_l’fE_Q’x_g’ IE_47 av E7£7& )
where
’ Li—Yj / Yj
Tj= —""", Y; = ’
J 1_yj J yj—l

j=1,2,3,4.

Note that o; corresponds to the transposition of lines {; and [;4q (1 <
j < 8) and that the correspondence

S123 — 00, Sj—1; — 0j—1 (J=2,...,8)

induces a surjective homomorphism pyy(gy) of W(Es) to the group W(Eg) ge-
nerated by 0, 01,...,07. In the sequel, we frequently identify g € W (Ejg) with
pw (Es)(9) and subgroups of W (Eg) with their images by pyy(g;) for simplicity.

We are now going to identify the space Pg(2,8) with a subset of R®
precisely. Let X = (vqvvsvgvsvgvrvg) be the matrix defined in (3). First put
Rijk = det(vivjvk.) (1 <1< j < k< 8). Clearly R123, R124, R134, Rzgk (k =
4,5,6,7,8) are constants but the remaining R;;; are polynomials of x, y. More-
over we take the polynomials Tj; (1 < i < j < 8) and Tj (1 < j < 8) defined in
[8].

Then the following lemma holds (cf. [8]).
Lemma 1. Let ly,ls,...,lg be the lines defined from X in (3).

(1) If Riji # 0 for alli,j,k, then the condition I and II are satisfied.
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(2) IfT;; # 0 for all i, j, then the condition III is satisfied.
(8) IfT; # 0 for all j, then the condition IV is satisfied.

In virtue of Lemma 1, we find that the set P((2,8) is identified with the
set

{(z,y) € R* x RY; Dpr(x,y) # 0},

where Dg 7(x,y) is the product of all the polynomials R;ji, T35, T;. It is clear
that W (Es) acts on Pg(2,8) biregularly.

4. 8LC sets and 8LC diagrams for the root system of type
Eg. In next section, we will explain a relationship between the configuration
space P((2,8) and the root system of type Eg. For this purpose, we first introduce
the notions of 8LC sets and 8LC diagrams for the root system of type Fg.

Definition 1 (cf. [4]). Leta;(i =1,2,...,8) and by, by be roots of A(Eg).
Then the set

(6) A:{ai;i:1,2,...,8}U{b1,b2}

is called an 8LC(= 8 lines configuration) set if the following conditions hold:

(1) (as,aj) #0 if and only if i — j =0 or +1mod8.
o (i) (b1,be) = 0.

(iii.1) (@i, b1) #0 if and only if i = 1.

(iii.2) (@i, b2) #0 if and only if i = 5.

We would like to visualize each 8LC set by associating a diagram (ana-
logous to a Dynkin diagram). Let A = {a;;i = 1,...,8} U {b1,b2} be an 8LC
set. Then an 8LC diagram for A is a figure consisting of ten circles attached with
roots of A and segments constructed in Figure 1.

For an 8LC set A = {a;;i =1,...,8} U{b1, b2}, we put

(8) A={*a;i=1,...,8 U{xby,£by}

and call it an extended 8LC set. Let A’ be also an 8LC set. Then A and A’ are
equivalent if and only if A = A’. In this case, we always identify an 8LC diagram
for A and that for A’ for simplicity.
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Fig. 1. 8LC diagram

The following lemma is shown by a direct computation.

Lemma 2 (cf. [8]).
If an 8LC set A contains {ri2, T123, T23, T34, T45, T56, T6T r78} (these form
a set of simple roots of A(Es)), then A coincides with

9) {£r12, £r103, £793, £734, 745, £756, £167, £778, Ttig, £t}

In virtue of this lemma, the classification of 8L.C sets is essentially reduced
to that of fundamental systems of roots of A(Ejg) and this is well-known. Hence
we get

Proposition 1. Let A and A’ be S8LC sets. Then there exists w € W (Eg)
such that w- A=A,

Let LCg be the set of extended 8LC sets. We have already shown the
existence of a W (Eg)-equivariant map f of £Cg to Pg. The purpose of this paper
is to show that the map f is injective.

5. The map of LCg to Pg. In this section, we discuss the relationship
between L£Cg and Pg. For this purpose, we consider the system of labelled eight
lines (19,19,...,19) defined by the 3 x 8 matrix
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1 00 1 1 1 1 1

27 3 17 3

110 -2 o2 L 2

(10) Xo " " Y5 T 2

1 0 1 12 4 g § E

9 10 10
This system (19,19, ,19) is remarkable in the sense that there is no hexagon
for any system of labelled six lines constructed from (19,19,...,13) by taking off
two lines and then it is clear that the system of (19,19, ...,19) satisfy with all the

conditions I, II, IIT, and IV. We denote by AFg the system of labelled eight lines
(19,19, ...,12) which is illustrated by Figure 2.

i b

A
7 I

[7 0
Is ls

Fig. 2. The remarkable system of labelled eight lines

From the eight lines in Figure 2, we obtain ten triangles (Trng) (k =
1,2,...,10) surrounded by the three lines given in Table 1. We consider corres-
pondence of ten triangles (T'rny) (k= 1,2,...,10) to ten roots in Table 1.

Remark 1. Theset U= {7123, 7146, 7158, T167, T257, T'268, T'345, T'378, T'478
r568} corresponding to triangles (T'rng) (K = 1,2,...,10) in Table 1 is an 8LC
set. In particular, the correspondence

Tses —— a1 T268 —— a2 345 — as Tier — a4
T146 —— Qp r3rg —— Qg r4a78 — ar r123 —— asg
ris5s — b1 Tos7 — by

induces an 8LC diagram for U.
Put

(11) g1 = 516538557724, g2 = 518527545736, 93 = 52351235455145567516778718-
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Table 1. Ten triangles

(Trny) 190919 | 7123
(Trng) 191912 | 7146
(Trng) 191213 | riss
(Trng) 190219 | 7167
(Trns) 191219 | ras7
(Trng) 19121 | ra6s
(Trng) 181912 | 7345
(Trng) 181913 | r3rs
(Trng) 191912 | rars
(Trnyg) 120212 | rses

Then g1, g, g3 generate the isotropy subgroup Isoyy (g ( (U) of U in W (E3g), where
U is the extended S8LC set of U. In particular, Isow gy (U) ~ (Z2)*. Note that
g3 is the generator of the center of W (Ej).

Let C4p, be the connected component of Pg containing AFEg. In the paper
(8], we have proved that any g € Isoy(g,)(U) leaves the set Capg invariant,
namely, g; - Cags = Caps (j = 1,2,3), where g; is defined in (11). As a
consequence, we have the following theorem.

Theorem 2 (cf. [8]). Let f be the map of LCg to Pg defined by f(g-U) =
g Cags. Then f is a W(Eg)-equivariant map of LCg to W (Eg) - Cag,.

6. Ss-orbits of the totality of 8LC sets. In order to show that
the W (Eg)-equivariant map f of LCs to Pg is injective, we determine all the
representatives of Sg-orbits of LCg.

Lemma 3. There are 2160 Ss-orbits of LCsg.

Outline of proof. We explain the algorithm employed here to deter-
mine all the representatives of Sg-orbits of £Cg. Let

(12) R = (R1, Ry, R3, R4, Rs, Rs, R7, Rg, Ry, Ri0)

be a row vector consisting of roots of A asin (1) such that {Ry, Ra,..., R} is
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an 8LC set by the correspondence

R1 — a1 RQ — a9 R3 — as R4 — Q4
(13) Ry — asj Ry — ag R; — ay Rs — ag
Ry — b Ry — bo.

We first introduce an ordering on the totality of such row vectors as R.
We number all the positive roots of A in the following manner:

(R[], R[2], ..., R[120])

(14)
= (t1,t2,...,ts,t12,t13, ..., t78, 12, 713, - - . , T78, 7123, 124, - - - , T678)-

For example, R[9] = t12, R[65] = r123. We denote by n(r) the number of a
positive root r such that » = R[n(r)] by (14).

Let (n1,n2,...,n10) and (nf,nf,...,n,) be 10-row vectors consisting of
integers. Then we define

(n17n27 e 7n10) = (n/17n/27 te 7n/10)’
if and only if n; = n} (1 < j < k—1), nx < n and (n1,n2,...,n10) =
(nf,nh,...,nfy) if and only if n; =n) (i =1,...,10). Let R = (R, Ra, ..., Rio),
R = (Ry, R}, ..., R],) be row vectors consisting of ten roots. Then R < R’ if

and only if
(n(Rl)a n(R2)7 cee 7n(R10)) = (n(Rll)v n(RIQ)v ce ,TL( /10)) .

In this way, we define an order in the set of row vectors as R.
Let U be an Sg-orbit of LCs. Then we take R = (Ry, R, ..., Rio) with
the conditions

(1) {Rl,RQ, R ,Rlo} ceu.
(2) If A= {+R}|,£R),..., +R!,} is any element of U (R, € A) then

Rj( /17 /27"'7 /10)

It is not obvious whether the row vector R is uniquely determined by ¢/ or not.
(In fact, we will explain later that there are four candidates of it.) At any rate,
we write the row vector R defined above for R(U) for a moment.

With the help of computer algebra system Mathematica, we determine
the row vector R(U) for any Sg-orbit U of LCg.
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At this moment, we need a comment. Let A = {R1, Ra,...,Ri0} be an
8LC set (cf. (13)) and let U be the Sg-orbit of A. Then there are four different
row vectors

RY = (Ry, Ry, Ry, Ry, Rs, Rg, Ry, Rs, Ry, Ryo),
15) R® = (Ry,Rs, Ry, Rg, Rs, Ry, R3, Ry, Ry, Ryp),
R®) = (Rs, Ry, R, Ry, Ry, Rg, Ry, Rg, Rio, Ry),
RY = (Rs, Rg, R7, Rs, Ry, Ry, R3, Ry, Rig, Ry).

These come from the symmetry of up and down and that of left and right of 8L.C
diagram. Possibly the Sg-orbits of R(l), R® ,R®) RW are different in spite that
the corresponding 8LC set is A. This is the reason why R(U) is not uniquely
determined by U. Moreover, R(l), R(2), R(3), R® are identified in the course of
our computation.

As a result, we conclude that there exist 2160 Ss-orbits U, (n = 1,...,
2160). Actually we obtained 4 x 2160 row vectors which are of form R({/). Only
some of 2160 representatives are given in Table 2 since all the data is very huge.
The first column in Table 2 stands for the classified number of the Sg-orbits and
second column stands for the concrete representative of the Sg-orbit of LCg. O

Remark 2. We do not know an efficient method constructing Sg-orbits
of LCg other than exhaustive trial method. It is convenient for the calculation
to use the following property. Since Sg acts on U and since Sg acts on the sets
{tl, PN ,tg}, {tlg, . ,t78}, {7‘12, PN ,7“78}, {7‘123, PN ,7’678} transitively, we may
take as Ry one of t1, ti2, 712, T123. In virtue of (13), the roots Ry, Rs, and Ry
are not orthogonal to R; and the remaining six roots are. The total of possible

combination is 4 x g3 Py ~ 3.4 x 10'® way. The computational complexity becomes
635
120P10 49040

times.

Remark 3. Since the order of Weyl group W (FEg) is equal to 214-3%-52.7

and since the isotropy of U (cf. (16)) in W (FEjg) is isomorphic to Zs3, we observe
W(E

(78)’3 = 2160 number of Ss-orbits of Pg (cf. [5]) .
S| x [Z2”]
This actually coincides with the total number of £LCg just as we have obtained in
Lemma 3. As a consequence, we find that for any 8LC set A, AutW(ES)(A) NSg =
{1}, where Autyy(gy)(A) = {w € W(Eg)|wA = A}

that there are at least
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Table 2. Some representatives of 2160 Sg-orbits of LCg

n Representative A, of Sg-orbit Uy, An =w-A;, (we W(Eg))
1|{r123, 7124, 7356, T178, T157, T'268, T"258 , T467, 7237, T'348 } 1

2| {r12, 7134, T567, 128, 125, T'368, 358, T"246, T"237, T478 } 5375275237A1

3| {ti2, 7123, 7134, 7256, T"178, 157, T248, T'367, T'358, T"168 } 5785685485125248A141

4| {t12, 7345, 7167, 7136, 138, T"148, 237, T568, T'125, T"246 5455675355785585285145148A901

5| {r123, 7124, t14, 7256, 7156, 157, 7346, T467, T458, T"168 s78T28A6

6| {r123, 7124, t14, 7256, 7347, 158, T157, T468, T'136, T'345 5565785685485385245248A30

7| {r123, 7124, t14, 7256, 7347, T'345, T167, T'136, T468, T"158 556 T27A6

8| {7123, 7124,%35,T167, 7°348, T'346, T'158, 7237, T'457, T'256 } | S67578558548512513538525514T67A6

30| {712,7134,7567, 758, T368, 127, T"126, L16, T"158, T34 } 5675575785385125185138A1
31| {7123,714, 7156, 757, T267, T'23, T'368, L68, T'578, T'148 } 8565675235175137A20
32| {7123,714,7245, 756, T357, 356, T'278, T"134, t23, 778 } 878867T27A35
33| {7123,714,t15, 7145, 7146, 767, T256, 567, T'38, T'358 8785585235367A22
34| {7r123,714,t15, 7145, 7146, 7257, T256, T27, T'38, T'358 $785685585475247A1
134| {7123, t45, P46, 156, "157, T257, T258, T'38, £12, 7246 } 578568545558523T18A34
141| {ti2,7123,734, 7145, 7267, 7256, T'178, T346, t16, T78 } 578558545512T34A540
540 {t12, 7123, t45, T167, T146, 257, T247, T356, t26, t37} 567545568546534T3A1
901| {t1,7123, 7456, 7245, 247, T'347, 7268, T'157, T"148, T'358 } 556547538T18A1981
1321 {712, t13, 734,745,756, T67, 78, 728, t1, 345 } 5675465345125255135125A134
1981 | {t1,t2, 7234, 7345, 7356, 478, T467, 146, 137, T'368 } 578567557548537524513T12A1
2152 {t12,t13, 7245, 746, 767, T146, t1, t3, 725, 78 } $78Ta7AG44
2153 {t1,t2,t13, 7456, 747, 778, 358, T'13, t25, T46 } 5465685385567A2116
2154 {t1, t2s, t12, 7345, 746, T67, 778, 138, b2, T45 } 5455565265165126A1801
2155 {t12,7345, 736, T34, Ta5, 57, t1, t7, 28, T258 } 545534536512513T1A083
2156 {t1, 7123, 724, 745, 756, T67, t17, ts, t3s, 367 } T1A1723
2157 {t12,t3,t1,t34, 745, 246, T67, T26, T458, T'58 } 8675565145A1783
2158 {t1,t23, 724, 7256, T57, T'56, t16, t3, 124, T8 } 51271A1936
2159 {t1,t2, t13, 7456, 747, P45, T56, t26, T13, P78 } 5565465575355235145124A1324
2160 {t12,t3,t1, 7145, 746, T67, 778, T'28, t13, T45 } 534512513T13A710
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Example 1. Let U; be the Sg-orbit of LCg containing

(16) U= {T5687 7268, 1345, T'167, T'146, T"378, 478, T"123, T"158, T257}

given in Remark 1. In this case, it is easy to see that

(17) R(Uy) = (7123, 7124, 7356, T178, T'157, T'268, T'258, T467, T'237, 348 )
and
(18) A =s0-U

where Sog = S$78556558546512513538526515- Let Xo be the matriz defined in (10) and
let N(Xo) be its normal form, namely

01 1 1 1 1
0 1 &) ay, ay da)
11 b by b b

(19) N(Xo) =

o O =
o = O

We put (a,b) = so(a’,b"). Then by direct computation, we find that

(28709 304 646 27113
~ \ 263897 275’ 385 25982 )’

(20)

(4313 133 494 2109
-\ 23997 75717571181 ) °

Let X1 be the normal form of 3 x 8 matriz corresponding to (a,b). Then it follows
from the definition that X1 is contained in f(A1).

Since we have shown in Lemma 3 that there are 2160 Sg-orbits of LCg,
we denote by U, (n =1,...,2160) these Sg-orbits. For each U,,, we have defined
R(U,,). We denote by A,, the 8LC set defined by the row vector R(U,,). In spite
that R(U,) is not uniquely determined by U, A,, is uniquely determined. (In
our computation, for the technical reason A, is determined ahead. Then U, is
done. This is not essential.) We choose U; so that U € U (cf. Example 1).

To continue the computation, we choose and fix w, € W(Eg) (n =
2,...,2160) satistying

Some of concrete forms of w, (n = 1,...,2160) are given in the last column in
Table 2.
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Example 2. Note that the representative Aq3a1 includes simple roots
(Dynkin diagram). Then the 8LC set (9) in Lemma 2 is contained in Uizer. In
Table 2, we can see the relation between A1 and Ai3zo1 as follows:

Azs = 5785685585475247A1
(22) Ai3a = 578568545558523T18A34
Ai321 = S675465345125255135125A134.

7. The main theorem. In this section, we will prove the injectivity
of the map f defined in Theorem 2. Let X be a matrix of the form (3) and let
(z,y) = (x1, T2, 3, T4, Y1, Y2, Y3, y4) be the point of R® defined by X. Then C(X)
denotes the connected component of Pg containing (z,y). Clearly, C(N(Xy)) =
Cagg where Xy is defined by (10).

We choose 3 x 8 matrices X,, (n =1,...,2160) satisfying f(A,,) = C(X,)
in the following way. We take X; as the one defined in Example 1 and also the
point (a,b) of R® in Example 1. On the other hand, we already chose w,, in (21).
Then we put

(23) (@M, 6™ = (a,b), (@™,b™) =w, - (a,b) (n=2,...,2160)

and let X,, be the matrix corresponding to (a™,b(™). Then it follows from the
definition of X,, and A, that f(A,) = C(X,).
Before stating the next lemma, we recall the definition of the adjacent

relation among polygons (cf. [6], [7]). Let A(H) be an n-line arrangement, where
n(n—1

H = (l4,13,...,1,). There are M = — + 1 number of polygons in A(H).
We denote all of polygons by £; (j = 1,2,...,M). If ¥; is a p-gon, there are
p number of polygons ¥; ,...,%; having common side with ;. If 3, is an

Nj,-gon (k = 1,...,p), we put Ry, = {Nj,,...,N;,}. We may assume that
N1y < Ny <...< N, We call Ry, the list of adjacent polygons for the p-gon ¥;.

Definition 2. We denote the totality of the lists of adjacent polygons for
all polygons ¥1,%9,...,Xn in A(H) by R(A(H)) = {Rs,,Rx,,...,Rx,,} and
call R(A(H)) the adjacent relation among polygons in an n-line arrangement
A(H) which may be sorted in lexicographical order.

We return to our situation. Let A,, be the simple eight-line arrangement
defined by the system of eight lines corresponding to the matrix X,, of (23) in
the sense of Griinbaum [9] (n =1,...,2160).
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By using the symbolic computational system Mathematica, we show the
following lemma.

Lemma 4.

Outlie of proof. It is sufficient to show that A,, # A; (n > 2).

Let R(A,) (n=1,...,2160) be the adjacent relation among polygons in
A,,. In particular, we give R(A1). In this case, there are ten triangles, thirteen
squares and six pentagons in A;. Its adjacent relation among polygons is given

by

R(A)) = {{4,4,4},{4,4,5},{4,4,5},{4,4,5},{4,4,5},
{4,4,5},{4,5,5},{4,5,5},{4,5,5},{5,5,5},
{3,3,4,5},{3,3,4,5},{3,3,4,5}, {3,4,4, 4},

(25) {3,4,4,5},{3,4,4,5},{3,4,4,5},{3,4,4,5},{3,4,4, 5},
{3,4,5,5},{3,4,5,5},{3,4,5,5},{3,4,5,5},
{3,3,3,4,4},{3,3,3,4,4},{3,3,4,4, 4},
{3,3,4,4,4},{3,3,4,4,4},{3,3,4,4,4}}.

By direct computation using Mathematica, we have determined all the
adjacent relation among polygons R(A,,). The totality of R(A,) (n =1,...,2160)
is divided into 135 different families of the adjacent relations among polygons.
Our result is shown in Table 3. The first column R(A) in Table 3 stands for
classified number 1,...,135 of R(A,) (n = 1,...,2160) and the second column
for numbers of (8,7,6,5,4,3-gon) in the arrangement with R(A). The third column
F stands for the number of arrangements within the family with R(.A) and the
fourth column A,, with R(.A) stands for such the F' number of arrangements.

Looking at Table 3, we conclude that the family R(A) = 20 contains only
Aj1. This means that

R(A,) # R(A) (n=2,...,2160).
Then,

(26) An # A1 (n=2,...,2160).
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Table 3. The adjacent relation among polygons of A, (n=1,...,2160)

R(A) 8,7,6,5,4,3-gon *F ** A, with R(A) R(A) 8,7,6,5,4,3-gon *F ** A, with R(A)

1 0,0,0,4,17,8 1 Aog 69 14 Agg, A126, - - -
6 Aog, A3zs, ... 70 20 Ai1s0,A182, - - -

3 12 Aoog, Ag77, . .- 71 22 A171, Ai79, ...
4 24 Ais6, A410, - - - 72 18 Ai65, A344, - - -
5 0,0,0,5,15,9 1 2 73 20 Ai67, A173, - - -
6 6 Aza, Agarz, ... 74 9 Asz0, A133, .-
7 3 A140, A1144, A1527 75 15 Aip1, Agas, - - -
8 3 Aig, Ags7, A1091 76 20 Aies, Aze7 - - -
9 10 Aqg81,A3z39, . .. 77 14 Ays3, Agsq, - -
10 4 Agq, Ags, .. 78 34 Ais3, Azs1, - -
11 8 A111,A119, - 79 46 A143,A146, - - -
12 4 Ais, Ass, ... 80 46 A115, A120, - - -
13 12 Ai62,A163, - - - 81 0,0,1,5,12,11 6 A4, A7q, ...
14 12 Aog, A148, .. - 82 14 Ag71, Ag74,y - - -
15 10 Aq04,A105,- - - 83 10 Ais, Agog, - - -
16 8 As4, Agsg, . .. 84 4 A1, A, ...
17 16 Asza, A169, - - - 85 7 Ag, Azg, ...
18 14 Aqg2, A731, . .. 86 12 Asga, Ags, .-
i) 0,0,0,6,13,10 3 A13, Agas, A1020 87 14 | Azg, Asgs, ...

20* 1 Ay 88 13 | Agg, Aoas, ...
21 5 Atg, Agaz, . .. 89 14 | Azg, Asgg, ...
22 5 A1g, Agis, - - 90 20 | Aqis, Aori,. ..
23 14 | Ais0, A1ss,. .. 91 0,0,1,6,10,12 1 A3, As, . ..
24 2 As1, As2 92 9 As6, Asg, - - -
25 7 A101,Ag31, - -+ 93 11 Aga, Agas, . ..
26 14 A132,A295, . - - 94 17 A66,A306, - - -
27 16 At13, A11g, . -+ 95 14 Ags, Az61s - - -
28 12 | Ass, Ags, ... 96 3 Az, Ago1, A1005
29 12 | Auas, Asse, ... 97 11 | Asy, Azg,...
30 9 At02, Asaz, ... 98 9 Ags, Agr, - ..
31 14 | A1, Assi,. .. 99 20 | Ago, Asos,. ..
32 11 Ai144, A308, . .. 100 0,0,1,7,8,13 3 Aaz, Agog, A1336
33 0,0,0,7,11,11 3 Ay, Ag10, Agog 101 5 Agg, Agq, ...
34 5 Ag, Agog - - - 102 9 A3zg, Asg, ...
35 7 Ags, Agoag, . .. 103 13 Ayq, A230, . ..
36 4 Agos, Agss, - - - 104 6 Az66, A267; - - -
37 1 Ag 105 16 | Asga, Asgs,. ..
38 7 Aga, Agis, . .. 106 0,0,1,8,6,14 G Aoos, Aoag, ..
39 10 | A7, A7o,... 107 0,0,2,0,19,8 24 | Asi7, Asaz, . ..
40 9 Ass, Asis, ... 108 0,0,2,1,17,9 56 | Azia, Ao, ..
41 14 | Asgs, Asgo, . .. 109 24 | Agag, Asor, ...
42 26 | Aiog,A142, .- 110 0,0,2,2,15,10 16 Aug7, Adgss - -
13 0,0,0,8,0,12 7 A40, Agod, . 111 22 | Ajgo, Agor,. ..
44 5 Ays, Ay, .. 112 18 Ausi2, Aazs, . .-
45 6 As0, A239, .- 113 0,0,2,3,13,11 12 Aga1, Agaz, .-
46 14 Aogp, Ag1, - - - 114 0,0,2,4,11,12 5 A~7o0, A701, - - -
47 2 Asss, Asse 115 21 A100,A352, - - .
48 0,0,0,9,7,13 5 Aoo7, Asog, ... 116 16 Assgg, A390, - - -
19 0,0,1,2,18,8 20 | Asg, A1s6,. .. 117 19 | Agr, Agg, ...
50 26 | Aa11, Aars, ... 118 12 | Asgs, Asgg,. .-
51 11 | A7, Asog, . .. 119 29 | Ajp3, Az, -
52 56 | Aig7, Alga,... 120 0,0,2,5,9,13 6 | Asiz, Asiz, . ..
53 0,0,1,3,16,0 10 | Aso, Aza,... 121 19 | Ag1, Asi7,. ..
54 10 Azi, Atog, .. 122 13 Asa1, Assg, - - .
55 16 | Agr, Ai7a,... 123 0,0,2,6,7,14 5 Aoz, Aaz7, ..
56 14 | Ags, Ais1,... 124 7 Asz, Agoa, - . .
57 22 | Ais1, A6, .- 125 0,0,2,7,5,15 4 Aoos, Aoos, . .
58 38 | Aigg, A1g7,. .. 126 0,0,3,6,4,16 5 Asaa, Asas, . .
59 38 | Aiss, Asg, .- - 127 0,1,0,1,19,8 96 | Asio, Asis, . ..
60 6 Alas, Agsg, . . . 128 0,1,0,2,17,9 I8 | Aio0, A195,. ..
61 16 | Ass, A6, .- - 129 114 | Ajgs, Aigg,- - -
62 24 | Asgg, A20g, - - - 130 0,1,0,3,15,10 24 | Ai149, A160,---
63 18 | Ago, A1s7,. .. 131 0,1,0,5,11,12 8 As3, Alsa, - -
64 40 | Aigs, Alsg, ... 132 22 | Ajg7, Atos, ...
65 40 | A1g1, Atga, ... 133 28 | Agy, Aiog,. ..
66 30 | Ai7s, Aiga,. .. 134 0,1,0,7,7,14 2 Aos7, A1001
67 0,0,1,4,14,10 7 Ao, Atos, ... 135 1,0,0,0,20,8 62 | Asis, As10, .-,
68 7 Ar14, A279, . . A1321, -5 A2160

*The column F stands for the number of arrangements within the family with R(A).
**The column A, with R(A) stands for the members of arrangements with R(A) but elements

more than the third are omitted.
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Hence we conclude that Sg - C(X,,) # Ss - C(X1) and the lemma follows. O
We are in a position to prove the main theorem.

Theorem 3. The map f of LCg to W (Eg) - Cag, is injective.

Proof. Let A,A’ be extended S8LC sets and assume that f(A) = f(A).
Then it suffices to show that A = A’.

Since the action of W (Ejg) on LCg is transitive, we may assume that A = U
without loss of generality, where U is the 8LC set introduced in Example 1.

First treat the case A’ € U,, for some n (> 1). Then we find from Lemma
4 that f(A) # f(A’). This contradicts the assumption.

Next treat the case A’ € Ui, namely there is w € W(FEg) such that
w-U = A’. Then by the assumption, f(U) = f(A’) = w- f(U). It suffices to show
that w = 1. To do so, we examine the relation between the eight lines and ten
triangles for the system of labelled eight lines (19,19, ...,13) corresponding to the
matrix N(Xp). We find the following properties from Table 1:

(1) 13 is sides of five triangles 191212, 191912, 191913, 191913 and 121313.
(2) 19,12, 19, and 19 are sides of four triangles respectively.

(3) 19,13, and 1) are sides of three triangles respectively.

(4) 191919 is the unique triangle which has [ and 13 as sides.

From these properties, we first observe that lg plays a role different from the
remaining seven lines. Comparing (2) and the triangles containing lines {$ and
19 of the five triangles in (1), we find that the roles of I and I¥ are different from
the remaining lines. Then from the remaining two triangles l(l)lglg and lglglg we
also find that the roles of [{ and (2 are different from the remaining lines. At this
moment, we remark that the roles of [ and I3 are different from the others. From
the remark and the property (4), we find that the role of 1§ is different from the
remaining lines. In this way, we conclude that eight lines play different roles each
other.

Now we put (2/,y') = w - (a’,b") where (a/,V') is defined in Example 1
and let X’ be the matrix of the normal form corresponding to (z’,y’). Then X’
defines a system of labelled eight lines (1{,15, ... ,15). From the assumption, (z',y’)
is contained in f(U). This implies that (19,...,19) is continuously deformed to
(14,...,15) preserving the conditions I, II, III, IV. On the other hand, 1}, ...,[§
have the same properties (1), (2), (3), (4). As a consequence, 1§ becomes to I§.
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Similarly 19, ...,19 become to l{, ..., I}, respectively. This implies that w = 1 and
w - A = U. Therefore the injectivity of f is completely proved. O

Remark 4. As for the case A’ € U; in the proof of Theorem 3, it
is possible to imply the conclusion by an alternative argument, which we now
explain.

For any A' = s-U, s € Sg, s# 1, it suffices to show that f(A’) # f(U).
To do so from Lemma 1, we compare the signs of R, (1 <@ < j <k < 8)
of (a,b) by (20) and those of s - (a,b). By direct computation, we find that the
48-vector;

(Sign(R125 (a, b)), Sign(Rl% (a, b)), ey Sigl’l(R678 (a, b)))
(27) =(1,1,1,1,-1,-1,-1,-1,-1,-1,-1,-1,1,1,1,-1,-1,-1,1,1,1,1,1, -1,
1,-1,-1,1,1,-1,-1,-1,—-1,—1,-1,1,1,-1,-1,—-1,-1,1,1,1,—1,1,1, —1)

where Sign(n) gives —1,0,1 if n < 0, n = 0, n > 0, respectively. By direct
computation using Mathematica, we obtain that the 48-vector (27) is different
from others by s - (a,b), s € Ss, s # 1. Note here that there are 8! = 40320
number of permutations in Sg. As a result, we find that f(A’) # f(A). This
contradict the assumption.

Conjecture 1. The map f of LCg to Pg is bijective.

If this is true, any system of labelled eight lines is described in terms
of root system of type Eg and simple eight-line arrangements are completely
classified.

Finally observing the result of R(A,) (n = 1,...,2160) in the outline of
proof of Lemma 4, we summarize the following proposition.

Proposition 2. FEight-line arrangements obtained from systems of label-
led eight lines contained in f(LCg) are divided into 28 number of families by the
difference of the numbers of polygons and are divided into 135 number of families
by the difference of the adjacent relations among polygons (cf. Table 3).

Remark 5. This study started from Problem 2 in [4] (see also Problem
2 in [8] p. 372). Then, the system of labelled eight lines corresponding to the
matrix X; by (20) has a remarkable property among all the labelled eight lines
from our point of view. We have obtained only two solutions to Problem 2 in [4].
The one solution is represented by the labelled eight lines corresponding to X
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and the other is represented by Xs.

1001 1 1 1 1
4313 133 494 2109

- 10101 — — — ——

(28) X = 2399 75 175 1181

54 3 117 33

00 1 e
989 20 70 698

The arrangement A, of the system of labelled eight lines corresponding to Xo
belongs to the member of R(A) = 5 in Table 3 and contains nine triangles, fifteen

squares, and five pentagons.

Remark 6. Looking at Table 3, there are 62 members of R(A) = 135.
In this case, there is one octagon. Especially, we observe that the arrangement
Ai391 corresponding to Example 2 is contained in these members. Figure 3 is an

illustration of eight lines of this family.

~ \\ /.

1

Fig. 3. Eight lines of R(A) =135

REFERENCES

[1] BouURrBAKI N. Groupes et Algebres de Lie. Chaps. 4, 5, 6, Herman, Paris,

1968.

[2] CumminGs L. D. Hexagonal systems of seven lines in a plane. Bull. Amer.

Math. Soc. 38 (1933), 105-110.



A Relation between the Weyl Group W (Eg) and Eight-line Arrangements 423

[3]

[11]

[12]

[13]

CuMMINGS L. D. Heptagonal systems of eight lines in a plane. Bull. Amer.
Math. Soc. 38 (1933), 700-702.

Fukui T., J. SEKIGUCHI. A remark on labelled 8 lines on the real projective
plane. Rep. Fac. Sci., Himeji Inst. Tech. 8 (1997), 1-11.

Fukur T., J. SEKIGUCHI. Eight lines arrangements on the real projective
plane and the root system of type Eg. Proc. Third Asian Tech. Conference
in Math., August 24-28, 1998, 377-388.

Fukur T., J. SEKIGUCHI. Experimental computation on configurations of
eight lines on the real projective plane. Rep. Fac. Sci., Himeji Inst. Tech. 9
(1998), 1-11.

Fukur T., J. SEKIGUCHI, K. OHTA. Experimental computation of eight-line
arrangements generated by all possible transversals on real projective plane
for image production. Kansei Engineering International 4, No. 3 (2004),
1-10.

Fukur T., J. SEKIGUCHI. A remarkable simple eight-line arrangement on a
real projective plane. Internat. J. Comput. Numer. Anal. Appl. 5 (4), (2004),
361-386.

GRUNBAUM B. Convex Polytopes. Interscience, 1967.

SEKIGUCHI J. Cross ratio varieties for root systems. Kyushu J. Math. 48
(1994), 123-168.

SEKIGUCHI J. Configurations of seven lines on the real projective plane and
the root system of type E7. J. Math. Soc. Japan, 51 (1999), 987-1013.

SEKIGUCHI J. Cross ratio varieties for root systems, 11. Kyushu J. Math. 54
(2000), 7-37.

SEKIGUCHI J., T. TANABATA. Tetradiagrams for the root system of type
E7 and its application. Rep. Fac. Sci., Himeji Inst. Tech. 7 (1996), 1-10.

SEKIGUCHI J., M. YOSHIDA. W (Eg)-action on the configuration space of
six lines of the real projective plane. Kyushu J. Math. 51 (1997), 297-354.

WHITE H. S. The plane figures of seven real lines. Bull. Amer. Math. Soc.
38 (1932), 59-65.



424 Tetsuo Fukui, Jiro Sekiguchi

Tetsuo Fukui

Department of Informatics and Mediology

Mukogawa Women'’s University

6-46 Ikebiraki-cho, Nishinomiya, Hyogo 663-8558, JAPAN
e-mail: fukui@mukogawa-u.ac. jp

Jiro Sekiguchi

Department of Mathematics

Faculty of Engineering

Tokyo University of Agriculture and Technology
2-24-16 Naka-cho, Koganei, Tokyo 184-8588, JAPAN
e-mail: sekiguti@cc.tuat.ac. jp

Received October 4, 2006
Final Accepted October 18, 2007



