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ABSTRACT. In 2002, van der Geer and van der Vlugt gave explicit equations
for an asymptotically good tower of curves over the field Fg. In this paper,
we will present a method for constructing Goppa codes from these curves as
well as explicit constructions for the third level of the tower. The approach
is to find an associated plane curve for each curve in the tower and then
to use the algorithms of Haché and Le Brigand to find the corresponding
Goppa codes.

1. Introduction. In [2] and [3], Garcia and Stichtenoth gave equations
for infinite families of curves over finite fields of square cardinality that have many
points relative to their genera. One can use these towers to find asymptotically
good towers of error-correcting codes, which are families of codes of increasing
length for which the sum of the relative distance and rate is bounded below by a
positive constant. In order to construct the associated Goppa codes, one method
is to calculate a basis for the Riemann-Roch space associated to a particular
divisor. This is a difficult task because of the singularities involved in each level
of the towers.

ACM Computing Classification System (1998): J.2.
Key words: asymptotically good tower, code construction, desingularization.



172 Caleb McKinley Shor

A number of people have worked towards creating codes from these towers.
Codes from the first few levels can be found in [10], for instance. Work has also
been done to find a basis of £(m(@) for every level in each tower, such as in [1]
and [7].

Since [2] and [3], a number of families of curves with many points relative
to their genera have been found over various base fields. In [9], van der Geer and
van der Vlugt presented a tower over Fg, which is the main focus of this paper.
To each curve in this tower, we are able to associate a projective plane curve that
has the same corresponding function field. Once we have the plane curve, we can
use the algorithms of [5] to construct the corresponding codes.

The aim of this paper is to demonstrate code construction from the first
few levels of the tower of van der Geer and van der Vlugt along with a method
to create codes from any level. Throughout, we will follow the function field and
coding theory notation of [8]. In particular, for a linear code C over F,, one is

often interested in length n, the dimension k, and the minimum distance d. For
d—1
such a code, there are ¢* codewords, and one can decode up to {TJ errors.

2. A tower over [Fg. The asymptotically good tower of van der Geer
and van der Vlugt (from [9]) can be described as follows: Let C' be the closure of
the affine curve in P! x P! over Fy given by

v +y=x+1+1/z,
and let
Di = {(po,...,pi) GPI X XPl : (pjvpj-l—l) ECfOI’j:O,l,...,’i—l}.

For C; the normalization of D;, we consider the tower C = (Cy,Cq,...). For
Fy = Fy(x0), the function field F; associated to Cj is

Fy = Fi1(z:),
where
@i+ @i = x5+ 1+ 1a;
for j=0,...,i—1.
The tower C has the nice property that in each cover, the only points that

are ramified have coordinates in F4'. van der Geer and van der Vlugt used this
ramification behavior to calculate the genera for every level of the tower.

!There are singular points on the curve D; for ¢ > 3 which can split into multiple points
in the normalization C;, so we may not be able to uniquely identify a ramified point by its
coordinates in Fy.
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They also found that the curve C has 14 Fg-rational points. Twelve of
these points have coordinates in Fg — {0,1}, and they split completely in every
level of the tower, giving us 6 - 2" Fg-rational points in the nth level of the tower.

Putting the formulas for the genus and number of points together, they
showed that over Fg, one has A\(C) = 3/2. Thus, this tower will lead to a family
of codes with

2 1
d/n+k/n21—§:§asi—>oo.

Throughout this paper, when working with this tower, we will let p and «
be extension elements of Fy with p>+p+1 =0 and a®+a?+1 = 0 (so F4 = Fa(p)
and Fg = Fg(a))

2.1. Creating codes. In order to create a code C.(C;, P, D), one needs
to calculate a basis of the Riemann-Roch space associated to a divisor D and
evaluate the basis elements of this space at points in the divisor P. For notation,
in this section, let Py, o, denote the point (ag,...,a;) € C;.

There is a unique point Py ~ € C;, and we will take our divisor D to
be D = nPOO,m,OOQ. The divisor P will consist of the 6 -2¢ points with coordinates
in Fg —{0,1}.

The first level of the curve is given by the equation

342 = x0+ 1+ 1/20.

The principal divisors of zg and z1 are (20) = 2Py,00 — 2P 00 and (z1) = Py +
Py — Pyco — Px,co- By Riemann-Roch, since the genus is 1, there is 1 gap
number. We are missing a pole of order 1 at Py ~, and we can generate all
other pole orders with xg and x; (noting that xoz; has a single pole of order 3
at Pao oo). Since we can calculate a basis for £(mPy ) for any m, the final step
is to evaluate these functions at the points in the support of P, which are the
12 points with coordinates in Fg — {0, 1}, to create the encoding matrix for the
code.

For the second level, this method works. However, for the third level,
for which the genus is 15, using monomials in zg,x1, X2, x3, we only obtain 14
functions in £(29Px c0,00,00) instead of the expected 15.

2For P a point of degree 1 (such as Pw,... o), by Riemann-Roch,

dimL(nP) >n+1—g,

with equality for n > 2g — 2. When dim £(k — 1)P = dim L(kP), k is called a Weierstrass
gap number, and there are no functions f such that (f)ec = kP. Since dim L((k —1)P)+1 =
dim L(kP) for k > 2g — 1, the set of gap numbers lies between 1 and 2g — 1, and there are
precisely g of them.
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What goes wrong in the third level? We are working with the curves C;
which are the normalizations of the curves D;. D; and Dy are smooth, but Dg
is not. Roughly speaking, the presence of singular points causes the genus to
drop, which means there are fewer Weierstrass gap numbers, so there are more
functions in £(D). These additional functions in £(D) are rational functions.

Since our monomials have poles at Py, ., there are only a finite number
of monomials that have a pole of order < n at Py, . . Thus, one can find all
monomials in £(nPx, . ~) in a finite amount of time. Rational functions, on the
other hand, are harder to get a hold of because there are pole cancellations.

It turns out that every asymptotically good tower that has been found
to date has curves with singularities. Thus, the question arises: Given an
asymptotically good tower, is there an algorithmic way to find a basis for £L(nP)
on each level of the tower? We will explore one method by writing the curves in
this tower as plane curves.

3. Obtaining plane curves. Consider the function field F;, associated
to the nth level of the tower. The goal of this section is to find a plane curve with
associated function field F;,. Since there is a unique nonsingular curve associated
to every function field, the code created from the normalization of the plane curve
will be equivalent to the code created from the normalization of the nth level of
the tower. The motivation for writing the curve as a plane curve comes from [5]
in which algorithms are given to create a code from a plane curve.

One way to find the plane curve is to find a primitive element for F}, over
Fy, i.e., an element o, € F,, such that F,, = Fy(a,). With «,, and its associated
minimal polynomial f,(y) € Foly] = Fa(zo)[y] over Fy, we have a plane curve in
variables gy and y given by f,(y) = 0. We can then clear the denominators of
any xg terms to wind up with an element ¢, (xg,y) € Fao[zg,y]. With ¢,, one can
use [5] to construct the associated Goppa code.

Theorem 1. There exists ¢n(x,y) € Falz,y] such that

In other words, x,, is a primitive element for F,,/Fy.

Proof. By induction on n.
Forn =1,

1
= F2($0,$1)/($%+$1 +$o+1+—>

Lo

= Fg(xo,xl)/(mox% + zox1 + Z’(Q) + 29 + 1).
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So ¢1(x,y) = xy? + xy + 22 + x + 1 € Fylx,y]. The statement is true for n = 1.
Now, suppose the statement is true for n = k — 1. Then there is a
polynomial ¢y_1(z,y) € Fa[z,y] such that

Fi1 = Fa(zo, 25-1)/(9r—1(T0, 1))
We have the field isomorphism

m o Fo(z,...,xp—1) — TFo(zq,...,zp)
T — Lit+1.
Thus, since
br—1(20, Tp—1) = 0,
we also have
Gr-1(z1,21) = 0.
Since
(1) = xl—i-xo—i-l—f—i,
Zo

we can reduce all powers of z1 to be elements of Fa(zg) + z1F2(z¢). Thus,
Pr—1(z1, k) = f(z0, 2k) + 21 - 9(T0, TR),
for f(z,y),g(x,y) € Fo(z,y). In particular,
f(zo, zy)

1= —F———~>
g(anxk‘)

so z1 € Fa(xp, x). Using (1) from above, we have

1 2
330+]_+— = $1+$1
x0
_ (f(ﬂﬁo,u’ﬂk))2 L S0, 7k)
9(z0, k) 9(o, T)
Thus,
1 o, T 2 zo,T
wo+ 14—+ (7]0( . ’“)> L@z
xo g(m()vxk) g(ﬂ?o,.%'k)

so we have a relation between zg and x. We clear denominators and let the
resulting minimal polynomial be ¢y (zo, xk).
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By induction,

Since ]FQ(.’E(), ..

Fo(20, Tr—1) = Fp—1 = Fa(xo, ..., 23_1).
.,Tp_1) is isomorphic to Fo(z1,...,x), we have
Fg(xl,xk) = Fg(xl, e ,xk).

From above, x1 € Fy(xzg, zk), so

Fa(zo, xk)

Fo(zo, 1, k)
= Fo(zo)(x1,zk)

Fo(zo)(21,. .. ,xk) (by induction)
F.

12

I

Thus, we have found ¢y (z,y) € Fao[z,y] such that

Fy, = Fa(x0, 71)/ (Pr (70, 71)),

and so the claim is true for all positive integers n. O

For each n, we have a polynomial relation

¢n(.%'(), xn) = 07

which defines a curve D,, C P!(F3) x P!(F3). Removing finitely many points with

xo = 00 Or T, = 00, we have an affine curve in Fo~. In the projective closure, we
add finitely many points to obtain a curve C},, which is birationally equivalent to
D,, and hence has an isomorphic function field.

Using the method described above, one can obtain equations for plane
curves associated to any level of the tower. The first few levels of the tower are

given by:

é1(x,y)
d2(x,y)
¢3(x)y)

zy? + oy +2? + 2+ 1

w3yt 4+ a2yt + oyt ot 2By + a2y fay o+ 1

$7y8 +.’E6y8 +.’E5y8 +.’E6y6 +x7y4 +$6y5 +$5y6 +$3y8
+.’E5y5 +$2y8 +£C7y2 +$6y3 +.’E3y6 +.’Ey8 +IE8 +$7y
+.’E5y3 +$4y4 +£C3y5 +$2y6 +.’E2y5 +.’E4y2 +.’E3y3
+22y3 + ayt + 2t + xy? + oy + 1
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Note that the equations get large quickly, with °(¢,) = 2"+ — 1.

4. Effective construction. In this section, we give the results of

applying the algorithms from [5] to the absolutely irreducible projective plane
curve C given by ¢3(X,Y,Z) = 0, where

$3(X,Y,Z) = X8ZT+ XTYS+ XY Z4 + XTY2Z0 + XTYZT + XOYV®Z
+X6Y6Z3 —I—X6Y5Z4 —|—X6Y3ZG +X5Y822 +X5Y6Z4
+X5Y5Z5 +X5Y3Z7 +X4Y4Z7 +X4Y229 +X4Z11
+X3Y8Z4 —I—X3Y6Z6 +X3Y5Z7 +X3Y329 +X2Y8Z5
+X2Y6Z7 —I—X2Y5Z8 —I—X2Y3210 +XY8Z6 +XY4Z10
+XY2ZV2 4+ XY 713 + 75

There are 20 singular points in the closure of Fo corresponding to the
following points:

P=(1:0:00 P,=(0:1:00) Py=(p:1:1)
Pp=(1:p:1) Ps=(p:0:1) Ps=(a:a?:1)
Pr=(a:a%:1) PRR=(%:a:1) Py=(a®:a:1),

along with their conjugate points from the Galois action of Fy or Fg over Fo
(denoted P3, Py, P, P}, P}, P., P/ P, P, Pj, and PY).

By a sequence of blowing-ups, we compute the desingularization tree. For
each singular point P;, we denote the result of the jth blowing-up by @; ;. The
resulting non-singular infinitely near points are given in Table 1.

The components of the adjunction divisor can be calculated from the
desingularization tree. To simplify notation, let the Fo-rational divisors Ry, ..., Rg
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e lo5) =00 Qi (1.21) = (0,0)
Q2,1 : (IU,Zl) = (07/7%
. _ Q22 : (z,21) = (0,p%)
P2 ' (557:2:) ; <0’O) Q2,4 : (331,2) = (070)
Q25 (x,22) = (0,p)
Q26 (z,22) = (0, p?)
Ps: (Zay) = (pa]-) Q3,2 : (xva) = (pa 1)
r=2 Q33 : (z,y2) = (p,p?)
P4 : (xay) = (1310) Q4,4 : (’I’,y4) = (17/7)
r=2 Q4,5 : (307?]4) = (17P2)
Ps i (z,y) = (p,0) Qs (2,y2) = (p, 1)
=2 Qs,3 ¢ (z,92) = (p, p?)
Ps: (Zay) = <a>a2) QG,I : (xvyl) = (O‘aa)
r=2 Qo2 : (z,11) = (o, 0?)
Py (x,y) = (o, 0®) Q71 (z,y1) = (o, @)
r=2 Q72 (z,y1) = (@, 0°)
Py (z,y) = (o2, a) Qs1: (z,y1) = (0{;,045)
r=2 Qs2: (,91) = (a?aQG)
Py: (Zay) = <a37a5) Q9,1 : (xvyl) = (QS’QS)
r=2 Qo2 : (z,11) = (a?,a5)
Table 1. Blow-ups of all singular points
be as follows:
Ry = Q11,
Ry Q2,1 + Q22,
R3 Q274a
Ry Q2,5 + Q2,6,
Rs @32+ Q33+ Q35+ Q3 3,
Rg Qua+ Qs+ Qs+ Q5
Re Q52+ Q53+ Q55+ Q5 3,
Ry = Qo1+ Qe2+ Q1+ Q2+ Q51+ Q6o+ Q71+ Q72

+Q/7,1 + Q/72 + Q/7/1 + Q/7/,2 + Qg1 + Qg2 + Qé@ + Q/82
+Q% 1+ Q8o+ Qo1+ Qo2+ Qg + Qoo+ Qg+ Qg
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The adjunction divisor is then the degree-152 divisor
A = 42R; +6Ry +6R3 + 18Ry + 2R5 + 4R¢ + 2R7 + Rs.

Comparing the nonsingular model of C to the third level of the original
tower, we find correspondences between points, given in Table 23.

Point on the plane curve model Point on the third

level of the tower

Ql,l Poo,oo,oo,oo

QQ,I and Q2,2 Pp,O,oo,oo and PpQ,O,oo,oo
Q2,4 ]D(),oo,oo,oo

Q2,5 and Qa6 Py 0,00 and Py p2 0

Table 2. Correspondence between plane curve and tower points

We will let D = nR; (= nQi,1). However, rather than dealing with
an arbitrary value for mn, it turns out that once we have calculated a basis for
L(29R,), we can use the functions in that basis to (multiplicatively) generate all
functions with higher pole orders.

As for P, we will take the points to be all of the points with affine
coordinates in Fg — {0,1}. There are 36 points of the form (o’ : o/ : 1) on
the curve. Twelve of these are singular points which split into the non-singular
points in the support of Rg, and the other 24 are non-singular points. Let the
divisor Ry denote the sum of these 24 non-singular points. Thus, our divisor

P = Rs + Ry

consists of 48 points with coordinates in Fg (which correspond to the 48 points
with coordinates in Fg — {0, 1} in the third level of the tower).

With the parametrizations of X, Y, and Z at all of the points in the
adjunction divisor A and the divisor D, we can begin to search for a form Gy
with

(Gop) > A+D

= T1R;{ +6Ry +6R3+ 18R4 4+ 2R5 + 4R¢ + 2R7 + Rg.

3 Aside from the given points in the table, all other points on the plane curve model have
Z =1, so we can use the X and Y coordinates of a point on the plane model to determine the
xzo and x3 coordinates of the corresponding point in the tower. For instance, when Z = 1, the
four points in Rs have (X,Y) = (p, 1) or (p?,1), and these correspond to the four points P, 1,1,

Pp2 1,015 Pp1,p2,15 and Pp2 121
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Choosing forms that vanish at points in the support of A, we obtain the
form

Go=Y(Y +2)X+2)'Z*(Y +Y?Z+Y*)(YP+YZ*+Y?),
so that
(Go) = 72R; + 6R2 + 6R3 + 20Ry + 2R5 + 4R + 2R7 + Rs + Ry,

and hence (Gp) > A+ D.

The next step is to search for all forms G of degree 14 so that (G) >
(Go) — D. We do this by finding the local parametrizations of the forms X, Y,
and Z at all of the points in the support of G, from which one can get the local
parametrizations of all monomials of degree 14. Then, one searches for linear
combinations of these monomials that give the appropriate levels of vanishing.
The result is a set of linearly independent forms {G; : ¢ = 1,...,15} for which
{Gi/Goy : i = 1,...,15} forms a basis for £(D). Note that while some of these
functions may have the same pole order at ()1 1, one can take linear combinations
to obtain the 15 different pole orders.

To create the code, we evaluate the functions in £(D) at the points in
the support of P = Rg + Rg. Since these points are all in the open set defined by
Z # 0, by a change of coordinates, we can consider affine coordinates = = X/Z
and y = Y/Z. The basis elements for £(D), in affine coordinates, are given in
Table 3.

Returning to the question of the missing function on the third level of the
tower, it turns out that we were missing a function with a pole of order 21. This
function, in coordinates (zg, x1, 2, x3), is

(mg + 1)x3(x§ +1)
(w0 + 1) (2§ +1)

Note that even if we had found this function, the numerator and denominator
vanish on points with coordinates in Fg — {0, 1}, so evaluating this function at
these points requires more work.

For any function f in £(D) and any point P in P, if f(P) = %, then we
blow-up P and apply a monoidal transformation to f. After a finite sequence
of blowing-ups and transformations, the either the numerator or denominator
will cease to vanish. In fact, the denominator will cease to vanish because our
functions only have poles at ()1,1. Thus, we will get a meaningful result, so we can
create our encoding matrix. The results of these function evaluations at certain
points in P are in Table 4 and Table 5.
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Order Function
0 1
8 T
12 Q)@+ 40+ () et ) )
0
u i (y3+y4+y5+y6)(1+x2+m4+x6)
go \ +23(1+y+y?) + (z+2°) (1 + > +¢°)
15 i( (v +y* +9° + %) (1 + 22 + 2* + 25) )
g \ +a+2®)y+y2+y)+221+y+y?)
16 2
20 gﬁ( (P +y7 +aT (14 +at(L+y7) )
0
1 ™, 2 3
91 —((1+2T)y?(1+9%) )
9o
99 2 @y (1 + 2 4 af +at)
go \ +A+y2+yh)(x+ a2+ 2°) + 2 (1 +47)
23 g—( (1 +y%) (2 + 2% +2°) + (y* +y") (1 +2° + 2t +2F) )
0
24 i( (y3+y4+y5+y6)(x2+x3+x5+16)+1+x8 )
go \ +27(y+y2) +2* A +y+9?) + 2@+ %) +2°(y +y°)
2% L 1+@ 4y +y°+ )@ +2%) fotal
go \ F(1+92+48) (1 + 2%+ 2" +a°%) + 28y(1 + )
L Oy YTy 2 e+ 2) +a(1+yT)
21 | — +@® +2%)(y + %) 2t (L +y' +9° +9°) +0°
g0 +aly(l+y +y2) + 27y L+ y + 4%
28 z—y( P4y +a2" (1493 + 2t (1+y7) )
0
29 | — +H? + 97+ )@ + 2% 2T +0%) + 2y’ +y7)
go +x8(1+y6)

181

Table 3. Pole orders of basis elements for £(29Q1 1) with z = X/Z, y =Y/Z, and

go(x,y) = Go(z,y,1) = (x + 1)*y(y" + 1)
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Q61 Qo2 Qr1 Qr2 Qg1 Qg2 Qo1 (oo
fo 1 1 1 1 1 1 1 1
fs « « «@ «@ ad ad ol ad
f12 « 0 a 0 a at a at
fia | a3 0 a? 0 at 0 at 0
fis| &2 ot o & 1 a a® ot
sl a2 o a2 a? of af of af
fo | « a? a a? o 0 ab 0
foar| 1 a’® a ab a ol ab
fao | a® 0 ab 0 ab 1 af 1
fas | o AP 1 ot a2 ot 1
foa | a® ot ol ot af 0 af 0
f26 0 « 0 « « ab « ab
for| @@ o 0 @ ot a o2 1
fos| > o a® of a 0 a 0
Joo| O a ol 1 o 1 ot a

Table 4. Basis elements of £(29Q)1,1) evaluated at certain points in P

In order to create a code with dimension k£ > 15, one can use the functions
in £(29Q1,1) to (multiplicatively) generate functions with larger pole orders.
(Note that we really can do this.) Given the function

fo=Filip- fin
with jp, € [ form =1,2,...,n (and }_ j,, =), one can calculate f;(P) by
JilP) = [, (P)fj,(P) ... fj,(P).

Equivalently, to calculate the row in the encoding matrix corresponding to f;, one
can multiply coordinate-wise the rows corresponding to f;,, fj,, ..., fj,. This
will produce a code with the following parameters:

length = 48
dimension = k
distance > 34 —k.
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(a,a) (a,a?) (a,0%) (a,a%) (a®,a?) (a?,0®) (a3,a*) (a?,af)
fo 1 1 1 1 1 1 1 1
fs « « « «@ ad ad ad ol
J12 0 a 0 a a a ot at
f1a a® a2 a® o? 1 1 ol ao®
fis 0 at 1 1 a ab 0 ab
fis | a2 o2 o2 o2 of of of of
foo | o2 a a? o ab ab 0 0
for | ot a? a ot ad at at ol
foo af 1 af 1 « o a® a®
foz | af ab a? at a 1 o ab
foa ot a® ot ao® af af 0 0
Jo6 1 ab 1 a® a’ o’ 1 1
far | o 1 a’ a? ab ab 0 ol
fos | a3 a? a’ a? a a 0 0
fao | o2 1 1 ab 0 a? 0 1

Table 5. Basis elements of £(29Q1,1) evaluated at certain points in P
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