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ON SOME OPTIMAL (N, T, 1, 2) AND (N, T, 1, 3)
SUPERIMPOSED CODES*

Mladen D. Manev

Abstract. One of the main problems in the theory of superimposed codes
is to find the minimum length N for which an (N, T, w, r) superimposed
code exists for given values of T , w and r. Let N(T, w, r) be the minimum
length N for which an (N, T, w, r) superimposed code exists. The (N, T, w, r)
superimposed code is called optimal when N = N(T, w, r). The values of
N(T, 1, 2) are known for T ≤ 12 and the values of N(T, 1, 3) are known
for T ≤ 20. In this work the values of N(T, 1, 2) for 13 ≤ T ≤ 20 and
the value of N(21, 1, 3) are obtained. The optimal superimposed codes with
parameters (9, 10, 1, 2), (10, 13, 1, 2), (11, 14, 1, 2), (11, 15, 1, 2), (11, 16, 1, 2)
and (11, 17, 1, 2) are classified up to equivalence. The optimal (N, T, 1, 3)
superimposed codes for T ≤ 20 are classified up to equivalence.

1. Introduction. (N,T, 1, r) superimposed codes were introduced by
Kautz and Singleton [4]. A natural generalization of the (N,T, 1, r) superim-
posed codes was made by Mitchell and Piper [7], who discuss the (N,T,w, r)
superimposed codes in connection with cryptographic problems.
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Definition 1. A binary N × T matrix C is called an (N,T,w, r) su-
perimposed code (SIC) of length N and size T if for any pair of subsets W,R ⊂
{1, 2, . . . , T} such that |W | = w, |R| = r and W ∩ R = ∅, there exists a row
i ∈ {1, 2, . . . , N} such that cij = 1 for all j ∈ W and cij = 0 for all j ∈ R.

There is a simple example of an (N,T,w, r) superimposed code. If we
take a matrix whose rows are all possible binary vectors of weight w, then this

matrix becomes an (N,T,w, r) superimposed code with N =
(

T
w

)

. We call this

matrix the trivial superimposed code. The identity matrix is the trivial code for
w = 1.

Let N(T,w, r) be the minimum length N for which an (N,T,w, r) super-
imposed code exists. (N,T,w, r) superimposed codes with length N = N(T,w, r)
are called optimal.

Definition 2. Two (N,T,w, r) superimposed codes are equivalent if one
of them can be transformed into the other by a permutation of the rows and a
permutation of the columns.

Engel proved in [2] that the trivial code is optimal when T ≤ w + r + r
w

and w ≤ r. Therefore the identity matrix is an optimal (T, T, 1, 2) superimposed
code for T ≤ 5 and an optimal (T, T, 1, 3) superimposed code for T ≤ 7. Kim
and Lebedev [5] give the following values of N(T, 1, 2) and N(T, 1, 3):

T 5 6 7 8 9−12

N(T, 1, 2) 5 6 7 8 9

T 5 6 . . . 14 15 16−20

N(T, 1, 3) 5 6 . . . 14 15 16

Consequently the identity matrix is an optimal (T, T, 1, 2) superimposed code for
T ≤ 9 and an optimal (T, T, 1, 3) superimposed code for T ≤ 16.

The number of nonequivalent classes of optimal (N(T, 1, 2), T, 1, 2) super-
imposed codes for T ≤ 9 is presented in [3]:

T 3 4 5 6 7 8 9

# 1 1 1 1 2 4 25

Kim, Lebedev and Oh proved the uniqueness of the (9, 12, 1, 2) superim-
posed code in [6] and Oh proved the uniqueness of the (9, 11, 1, 2) superimposed
code in [8].

In this paper the values of N(T, 1, 2) are obtained for 13 ≤ T ≤ 20
and the optimal superimposed codes with parameters (9, 10, 1, 2), (10, 13, 1, 2),
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(11, 14, 1, 2), (11, 15, 1, 2), (11, 16, 1, 2), and (11, 17, 1, 2) are classified up to equiv-
alence. The optimal (N,T, 1, 3) superimposed codes for T ≤ 20 are classified up
to equivalence and the value of N(21, 1, 3) is obtained. The results have been
obtained using the author’s computer programs Gen12SIC and Gen13SIC for
the generation of (N,T, 1, 2) and (N,T, 1, 3) superimposed codes, respectively,
and the program Q-extension [1] for code equivalence testing.

2. Preliminaries.

Theorem 3. (Sperner’s theorem [9]) Let X be a finite set of N elements
and let F be a family of different subsets of X such that every pair of members

F1 and F2 of F (F1 6= F2) satisfies F1 6⊂ F2. Then |F | ≤
(

N
⌊N/2⌋

)

.

It follows from Sperner’s theorem that the maximum size T for which an

(N,T, 1, 1) superimposed code exists for fixed value of N is
(

N
⌊N/2⌋

)

.

Definition 4. The residual code Res(C, x = v) of a superimposed code
C with respect to value v in column x is a code obtained by taking all the rows in
which C has value v in column x and deleting the xth entry in the selected rows.

We denote by Sx the characteristic set of column x and by Lp the char-
acteristic set of row p. The following two lemmas are obvious:

Lemma 5. Let C be an (N,T,w, r) superimposed code and x be a column
of C. Then Res(C, x = 0) is an (N − |Sx|, T − 1, w, r − 1) superimposed code.

Lemma 6. Let C be an (N,T,w, r) superimposed code and x be a column
of C. The matrix C ′ = C\{x} is an (N,T − 1, w, r) superimposed code.

The following lemma is a relation between the weights of columns and
those of rows. We refer to [5] for a proof.

Lemma 7. Suppose C is an (N,T, 1, r) superimposed code and x is a
column such that |Sx| ≤ r. Then there exists a row p for which cpx = 1 and
|Lp| = 1.

The next lemma gives a relation between N(T, 1, r) and N(T − 1, 1, r).

Lemma 8. N(T − 1, 1, r) ≤ N(T, 1, r) ≤ N(T − 1, 1, r) + 1.

P r o o f. From Lemma 6, it follows that N(T − 1, 1, r) ≤ N(T, 1, r). Let
C be an (N − 1, T − 1, 1, r) superimposed code. The following matrix is an
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(N,T, 1, r) SIC:










0
... C

0

1 0 0 . . . 0 0











Therefore N(T, 1, r) ≤ N(T − 1, 1, r) + 1. �

3. Generation of (N, T, 1, 2) superimposed codes. Let C be an
(N,T, 1, 2) superimposed code and x be a column of C. We may assume that the
rows and the columns of C are sorted lexicographically. According to Lemma 5
Res(C, x = 0) is an (N − |Sx|, T − 1, 1, 1) superimposed code. Using Sperner’s
theorem, we obtain the following bounds for |Sx|:

N×T 9×10 9×11 9×12 9×13 10×13 10×14

|Sx| ≤ 4 4 3 3 4 4

N×T 11×14 11×15 11×16 11×17 11×18

|Sx| ≤ 5 5 5 4 4

We construct the matrix C column by column, using the (N,T, 1, 2) su-
perimposed code generation program Gen12SIC and Q-extension for code equiv-
alence testing. At each step we check the conditions of the sorted rows property,
the sorted columns property and the superimposed code property.

For example we describe how all inequivalent (11, 14, 1, 2) superimposed
codes have been constructed.

Let C be an (11, 14, 1, 2) superimposed code and x be a column of C.

First, using the program Gen12SIC, we found all possibilities for the
first 4 columns, which form an (11, 4, 1, 2) superimposed code. We obtain 22651
superimposed codes. Using Q-extension we find that there are exactly 3743
inequivalent superimposed codes among them. Then we extend each of these
codes by appending one column to be an (11, 5, 1, 2) SIC. Using Q-extension we
find that there are over 40000 inequivalent possibilities for the first 5 columns.
Similarly we make an extension to an (11, 6, 1, 2) and (11, 7, 1, 2) SIC respectively.
Thus we find that there are exactly 1552910 possibilities for the first 7 columns
of the (11, 14, 1, 2) superimposed code. We extend each of these codes to an
(11, 14, 1, 2) SIC with the program Gen12SIC. Using Q-extension we obtain finally
2705 inequivalent (11, 14, 1, 2) superimposed codes.
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Using the method described, the following number of inequivalent super-
imposed codes have been obtained:

N×T 9×10 9×11 9×12 9×13 10×13 10×14

# 4 1 1 0 5 0

N×T 11×14 11×15 11×16 11×17 11×18

# 2705 278 21 2 0

These results prove the validity of the following theorem:

Theorem 9.

N(13, 1, 2) = 10, N(14, 1, 2) = 11, N(15, 1, 2) = 11,
N(16, 1, 2) = 11, N(17, 1, 2) = 11.

There is no (11, 18, 1, 2) superimposed code.

Using the program Gen12SIC and Q-extension we constructed all in-
equivalent (12, 18, 1, 2), (12, 19, 1, 2), (12, 20, 1, 2) and (12, 21, 1, 2) superimposed
codes for which all the columns are of weight 3. We found the following number
of inequivalent (12, 18, 1, 2), (12, 19, 1, 2), (12, 20, 1, 2) and (12, 21, 1, 2) superim-
posed codes for which all the columns are of weight 3:

N×T 12×18 12×19 12×20 12×21

# 9805 511 5 0

Therefore:

Theorem 10.

N(18, 1, 2) = N(19, 1, 2) = N(20, 1, 2) = 12.

4. Generation of (N, T, 1, 3) superimposed codes. Let C be an
(N,T, 1, 3) superimposed code and x be a column of C. We may assume that the
rows and the columns of C are sorted lexicographically. According to Lemma 5
Res(C, x = 0) is an (N − |Sx|, T − 1, 1, 2) superimposed code. Using the values
of N(T, 1, 2) and the superimposed code property, we obtain the following exact
values and bounds for |Sx|:

N×T 4×4 5×5 6×6 7×7 8×8 9×9 10×10

|Sx| 1 1 1 1 1 1 1
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N×T 11×11 12×12 13×13 14×14 15×15 16×16

|Sx| ≤ 2 3 4 4 4 5

N×T 16×17 16×18 16×19 16×20 16×21

|Sx| ≤ 5 5 4 4 4

It is obvious that the identity matrix is the unique (T, T, 1, 3) superim-
posed code for 4 ≤ T ≤ 10.

For T = 11 and T = 12 we construct the matrix C column by column,
using the (N,T, 1, 3) superimposed code generation program Gen13SIC and Q-
extension for code equivalence testing. At each step we check the conditions of
the sorted rows property, the sorted columns property and the superimposed code
property.

For 13 ≤ T ≤ 15 we consider the following two cases:

Case 1: All columns of C are of weight 4.

In this case we construct C using the programs Gen13SIC and Q-extension.

Case 2: There exists a column x for which 1 ≤ |Sx| ≤ 3.

According to Lemma 7 there exists a row p of C for which cpx = 1 and
|Lp| = 1. We can write C as follows, where x is the first column of C:











c11

... A

cN−1,1

1 0 0 . . . 0 0











The matrix A is an (N−1, T −1, 1, 3) superimposed code. Using the classification
of (12, 12, 1, 3), (13, 13, 1, 3) and (14, 14, 1, 3) SIC respectively, we construct the
whole matrix C.

For T = 16 we consider the following three cases:

Case 1: All columns of C are of weight 4.

In this case we construct C using the programs Gen13SIC and Q-extension.

Case 2: There exists a column x of C for which |Sx| = 5. We can write
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C as follows, where x is the first column of C:





















0
... A

0

1
... B

1





















The matrix A is an (11, 15, 1, 2) superimposed code. Using the classification of
(11, 15, 1, 2) SIC we tried to construct the whole matrix C, but we found that for
each of the 278 possibilities for A the extension is impossible.

Case 3: There exists a column x for which 1 ≤ |Sx| ≤ 3.
According to Lemma 7 there exists a row p of C for which cpx = 1 and

|Lp| = 1. We can write C as follows, where x is the first column of C:











c11

... A

cN−1,1

1 0 0 . . . 0 0











The matrix A is an (15, 15, 1, 3) superimposed code. Using the classification of
(15, 15, 1, 3) SIC we construct the whole matrix C.

For 17 ≤ T ≤ 20 we extend each of the inequivalent (16, 16, 1, 3), (16, 17, 1, 3),
(16, 18, 1, 3) and (16, 19, 1, 3) superimposed codes by appending one column to be
(16, 17, 1, 3), (16, 18, 1, 3), (16, 19, 1, 3) and (16, 20, 1, 3) SIC, respectively.

The number of nonequivalent classes of optimal (N(T, 1, 3), T, 1, 3) super-
imposed codes for T ≤ 20 is presented in the following tables:

N×T 4×4 5×5 6×6 7×7 8×8 9×9 10×10 11×11 12×12

# 1 1 1 1 1 1 1 1 1

N×T 13×13 14×14 15×15 16×16 16×17 16×18 16×19 16×20

# 2 4 12 432 9 2 1 1

We tried to extend the unique (16, 20, 1, 3) SIC by appending one column
to be a (16, 21, 1, 3) SIC. We found out that there is no (16, 21, 1, 3) SIC. Using
Lemma 8 we prove the following theorem:
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Theorem 11. N(21, 1, 3) = 17.
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